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Abstract. We generalize several recent results concerning the asymptotic expansions 
of Bergman kernels to the framework of geometric quantization and establish an as- 
ymptotic symplectic identification property. More precisely, we study the asymptotic 
expansion of the G-invariant Bergman kernel of the spin'^ Dirac operator associated with 
high tensor powers of a positive line bundle on a symplectic manifold. We also develop 
a way to compute the coefficients of the expansion, and compute the first few of them, 
especially, we obtain the scalar curvature of the reduction space from the G-invariant 
Bergman kernel on the total space. These results generalize the corresponding results 
in the non-equivariant setting, which has played a crucial role in the recent work of 
Donaldson on stability of projective manifolds, to the geometric quantization setting. 
As another kind of application, we generalize some Toeplitz operator type properties 
in semi-classical analysis to the framework of geometric quantization. The method we 
use is inspired by Local Index Theory, especially by the analytic localization techniques 
developed by Bismut and Lebeau. 
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0. Introduction 

The study of the Bergman kernel is a classical subject in the theory of several complex 
variables, where usually it concerns the kernel function of the projection operator to an 
infinite dimensional Hilbert space. The recent interest of the analogue of this concept in 
complex geometry mainly started in the paper of Tian p59j, which was in turn inspired 
by a question of Yau. Here, the projection is onto a finite dimensional space instead. 

After [HH], the Bergman kernel has been studied extensively in [22] , |12]; [H]; 
establishing the diagonal asymptotic expansion for high powers of an ample line bundle. 
Moreover, the coefficients in the asymptotic expansion encode geometric information of 
the underlying complex projective manifolds. This asymptotic expansion plays a crucial 
role in the recent work of Donaldson ^Hj, where the existence of Kahler metrics with 
constant scalar curvature is shown to be closely related to Chow-Mumford stability. 

In [T7j, |2ni5 [2Z|; Dai, Liu, Ma and Marinescu studied the full off- diagonal a.sjm.ptotic 
expansion of the (generalized) Bergman kernel of the spin*^ Dirac operator and the renor- 
malized Bochner-Laplacian associated to a positive line bundle on a compact symplectic 
manifold. As a by product, they gave a new proof of the results mentioned in the pre- 
vious paragraph. They find also various applications therein, especially as pointed out 
in (21], the full off-diagonal asymptotic expansion implies Toeplitz operator type prop- 
erties. This approach is inspired by the Local Index Theory, especially by the analytic 
localization techniques of Bismut-Lebeau j3 §11]. We refer to the above papers and the 
recent book j2Hl for detail informations of the Bergman kernel on compact symplectic 
manifolds. 

In this paper, we generalize some of the results in jT7j, j2Sl and to the framework 
of geometric quantization, by studying the asymptotic expansion of the G-invariant 
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Bergman kernel for high powers of an ample line bundle on symplectic manifolds admit- 
ting a Hamiltonian group action. 

To start with, let {X, uj) be a compact symplectic manifold of real dimension 2n. 
Assume that there exists a Hermitian line bundle L over X endowed with a Hermitian 
connection V'^ with the property that 

(0.1) ^i?^ = ^, 

where = (V^)^ is the curvature of (L, V^). 

Let {E, h^) be a Hermitian vector bundle on X equipped with a Hermitian connection 
and denotes the associated curvature. 

Let g^^ be a Riemannian metric on X. Let J : TX —>■ TX be the skew-adjoint linear 
map which satisfies the relation 

(0.2) uj{u,v) = g^^{3u,v) 

for u,v E TX. 

Let J be an almost complex structure such that 

(0.3) g'^^iJu, Jv) = g'^^iu, v), uj{Ju, Jv) = uj{u, v) 

and that J-) defines a metric on TX. Then J commutes with J and J = J(— J^)^^/^ 

(cf. m)- 

Let V^^ be the Levi-Civita connection on (TX.,g^-^) with curvature R^^ and scalar 
curvature . The connection induces a natural connection V'^'^* on det(T^^''')X) 
with curvature i?'^''*, and the Clifford connection V'"^'''^ on the Clifford module A(T*^°'^)X) 
with curvature R^^^^ (cf. Section 1221) • 

The spin^ Dirac operator Dp acts on n°'*(X, L^OE) = 0^^^ fi°'«(X, Lp^E), the direct 
sum of spaces of (0, g)-forms with values in E. We denote by the restriction of 
Dp on 1]°'^™'^(X, LP ®E). The index of D+ is defined by 

(0.4) Ind(D+) = Ker - Coker D+. 

Let G be a compact connected Lie group with Lie algebra g and dimG = no. Suppose 
that G acts on X and its action on X lifts on L and E. Moreover, we assume the G- 
action preserves the above connections and metrics on TX, L, E and J. Then Ind(Djj") is 
a virtual representation of G. Denote by (KerDp)*-^, hid^D^)'^ the G-trivial components 
of KerDp, Ind(Dp) respectively. 

The action of G on L induces naturally a moment map ^ : X q* (cf. ()2.14|) ). We 
assume that e g* is a regular value of /x. 

Set P = /i~^(0). Then the Marsden-Weinstein symplectic reduction {Xq = P/G^uxq) 
is a symplectic orbifold {Xq is smooth if G acts freely on P). 

Moreover, (L,V^), (^,V^) descend to (Lg,V^g)^ (Eg,V^g) 

over Xg so that the 

corresponding curvature condition ^"^^R^^ = '^g holds (cf. 20 ). The G-invariant 
almost complex structure J also descends to an almost complex structure Jq on TXq, 
and , , g'^^ descend to h^'^, h^^^g'^-^^ respectively. 

One can construct the corresponding spin'^ Dirac operator Dg,p on Xq- 
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The geometric quantization conjecture of Guillemin- Sternberg [20] can be stated as 
follows: when E is the trivial bundle C on X, for any p > 0, 

(0.5) dim {lnd{D+f) = dim {lnd{D+J) . 

When G is abelian, this conjecture was proved by Meinrenken [3T] and Vergne |41j . 
The remaining nonabelian case was proved by Meinrenken [32] using the symplectic cut 
techniques of Lerman, and by Tian and Zhang |1U] using analytic localization techniques. 

More generally, by a result of Tian and Zhang j^OJ Theorem 0.2], for any general vector 
bundle E as above, there exists Po > such that for any p > po, ()0.5|) still holds. 

On the other hand, by [SHI Theorem 2.5] (cf. ()2.1H|l ). which is a direct consequence 
of the Lichnerowicz formula for Dp, for p large enough, Coker is null (cf. also 
[13]). Thus there exists po > such that for any p > po, 

(0.6) 

dim(Ker Dpf = dim(Ker Dc.p) = dim (lnd(D+ p)) = [ TdiTXc) ch(L^ ® Eq) 

Jxg 

/ (pci(Lg))"-"° , f ^ , ikjE)^ ^^ (pci(Lg))"-"o-^ 

Jxg [n-noV- Jxg^ 2 / (n-no-1)! 



where ch(-), Ci(-), Td(-) are the Chern character, the first Chern class and the Todd class 
of the corresponding complex vector bundles {TXq is a complex vector bundle with 
complex structure Jg)- 

Set Ep := A(T*(°'i)X)(g)LP®E. Let ( ) be the L^-scalar product on 1^°''(X, Lp®E) = 
^°°(X, Ep) induced by g^^ , h^, as in ^TT^ . 

Let be the orthogonal projection from {Q^'*{X, (8> E), { )) on (Ker Dp)*^. The 
G-invariant Bergman kernel is Pp{x,x') (x, x' G X), the smooth kernel of Pp with 
respect to the Riemannian volume form dvx{x'). 

Let pr^ and prg be the projections from X x X onto the first and second factor X 
respectively. Then P^{x,x') is a smooth section of piKEp) pr2(-E*) on X x X. In 
particular, P^{x, x) e End(Ep)^ = End(A(T*(°'i)X) O E)^. 

The G-invariant Bergman kernel Pp{x, x') is an analytic version of (Ker Dp)*^. In view 
of (jO.fjj] . it is natural to expect that the kernel Pp{x,x') should be closely related to the 
corresponding Bergman kernel on the symplectic reduction Xq- The purpose of this 
paper is to study the asymptotic expansion of the G-invariant Bergman kernel Pp{x, x') 
as p — > oo, and we will relate it to the asymptotic expansion of the Bergman kernel on 
the symplectic reduction Xq- 

Let d^{x,x') be the Riemannian distance between x, x' G X. 

In Section 12. 4[ we prove the following result which allows us to reduce our problem as 
a problem near P = /x~^(0). 

Theorem 0.1. For any open G -neighborhood U of P in X, Eq > 0, l,m E N, there 
exists Gi^m > {depend on U, sq) such that for p > 1, x,x' G X^d-^ {Gx,x') > Eq or 
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x,x' ex\u, 

(0.7) \Ppix,x')y^<Q,mp-', 
where is the '^^-norm induced by V^, V^, V"^"^, h^, and g^^ . 
Assume for simplicity that G acts freely on P. 

Let U be an open G-neighborhood of /i~^(0) such that G acts freely on U. 

For any G-equivariant vector bundle (F, V"^) on U, we denote by Fb the bundle on 
U/G = B induced naturally by G-invariant sections of F on U. The connection 
induces canonically a connection V^^ on Fb- Let i?^^ be its curvature. Let 

(0.8) /i^(i^) = V^x -LkE End(F) 

for K E Q and the corresponding vector field on U. 

Note that G {'tf'^iU x [/, pr^Ep (g) prg-E*))'^'"^, thus we can view P^{x,x') {x, x' G 
U) as a smooth section of pr^(£'p)B ® pr2(-E*)B on 5 x 5. 

Let g^^ be the Riemannian metric on U/G = B induced by g'^^. Let V"^"^ be the 
Levi-Civita connection on {TB,g^^) with curvature R^^. Let Nq be the normal bundle 
to Xg in B. We identify Ai'c with the orthogonal complement of TXq in {TB\xa, g^^)- 

Let g'^^^, g^'^ be the metrics on TX^, Nq induced by g^^ respectively. 

Let P"^^^ , P'^^ be the orthogonal projections from TB\xg on TXq, Nq respectively. 
Set 

(0.9) = P^«(V^^UG)i'^^ V^^« = P^^«(V^^UJP^''^ 

Then V^'',°V^'^ are Euclidean connections on Nq, TB\xg on Xg, V"^"^"^ is the Levi- 
Civita connection on {TXg, g'^^^), and A is the associated second fundamental form. 

Denote by vol(Gx) (x G f/) the volume of the orbit Gx equipped with the metric 
induced by g^^ ■ Following ^3 (3.10)], let h{x) be the function on U defined by 
(0.10) h{x) = (vol(Gx))^/2_ 

Then h reduces to a function on B. 

Denote by /c®^ the projection from A(T*^^'^^X) E onto C E under the decom- 
position A(T*(0'i)X) ^ E = E ® A>°(r*(°'i)X) ® E, and Ic^Eb the corresponding 
projection on B. 

In the whole paper, for any xq G Xq, Z G T^q-B, we write Z = Z^ + Z-^, with 
zo G T^o^G, e Xg,.o. 

Let TzoZ-^ G X ^G/vo^ be the parallel transport of Z-^ with respect to the connection 

Cr,expa;Q yZi ) 

along the geodesic in Xq, [0, 1] 3 t ^ exp^G(^tZ°). 
For Eq > small enough, we identify Z G T^^B, \Z\ < eq with exp-^ o i'^z^Z'^) G 

B. Then for xo G X^ Z,Z' G T^^fi, |Z|, |Z'| < eo, the map * : TB\xg^TB\xg BxB, 



nZ,Z') = (exp-^.,^^„^(r,oZ-),exp-^.,^^,„^(.,,oZ'-)) 



is well defined. 
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We identify {Ep)B,z to {Ep)b,xq by using parallel transport with respect to V*-^''''^ 
along [0, 1] 9 n ^ uZ. 

Let ttb : TB\xg x TB\xc — > Xq be the natural projection from the fiberwise product 
of TB\xg on Xg onto Xq- 

From Theorem 10. If we only need to understand o \[', and under our identification, 
Pp o \E'(Z, Z') is a smooth section of 

7r|j(End(£;p)B) = 7r|j(End(A(T*(°'i)X) ® 

on TB\xa X TSUg- 

Let I lc^m'(jf^) be the <^™'-norm on ^°°(Xg, End(A(T*(°'i)X) ® induced by 

yChflffl^ yEs^ j^E . The uorm I l^m'(XG) induces naturally a '^'"'-norm along Xg- 

on ^°°(T5Ug X T5|xg, 7r|j(End(A(T*(0'i)X) we still denote it by | \.^m'^XGy 

Let dvB, dvxcy dvN^ be the Riemannian volume forms on {B, g^^), [Xq, g^^'^), {Ng, g^^] 
respectively. Let k, G '^^°°{TB\xg,^), with k = 1 on Xq, be defined by that for Z G T^^B, 
xo E Xg, 

(0.11) dvsixo, Z) = k(xo, Z)dvT^^BiZ) = n{xo, Z)dvxG{xo)dvNG,,f,- 

The following result is one of the main results of this paper. 

Theorem 0.2. Assume that G acts freely on /i~^(0) and 3 = J on yu~^(0). Then there 
exist QriZ, Z') e End(A(T*(°'i)X) (g) E)b,xo i^o G X^, r G N), polynomials m Z, Z' with 
the same parity as r, whose coefficients are polynomials in A, R^^ , i?*-^''^^, i?^^, fi^ , 
^chs (^j.Qgp^ J.X ^ W^^^^ ; resp. h, R^ , R^'^ ; resp. fi) and their derivatives at xq to 
order r — 1 [resp. r — 2; resp. r, resp. r + 1), such that if we denote by 

(0.12) Pi;)(Z, Z') = QriZ, Z')PiZ, Z'), QoiZ, Z') = Icr^E,, 

with 

(0.13) P{Z, Z') = exp ( - - Z'T - 7rv^( J.,Z°, Z") ) 

x2^exp(-7r(|Z^P + |Z'^r)), 

then there exists C" > such that for any k, m, m', m" G N, there exists C > such that 
forxo G Xg, Z,Z' G T^.B, \Z\, \Z'\ < €o, ' 

(0.14) {l + ^\Z^\ + ^\Z'^\r sup 

|a|+|a'|<m 



dZ»dZ"^ 

k 



p--^"-^{hK^){z){hK^){z')p;^ o m{z, z') - J2 Pi:\VpZ, Vpz')p-"^ 

r=0 / %r"'(XG) 

< Cp- (fe+i-™)/2 (1 + ^1 Z° I + VpI I )2{«+'=+-'+2)+™ exp (- v^v^l Z-Z'\ 

Furthermore, the expansion is uniform in the following sense: for any fixed k, m, m', m" G 
N, assume that the derivatives of g^^ , , V^, , V^,and J with order ^ 2n + k + 



Hn the exponential factor of 29, (7)], we missed m' as in the last line of HU.14|I here. 
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m + m' + 3 run over a set bounded in the -norm taken with respect to the parameters 
and, moreover, g^^ runs over a set bounded below. Then the constant C is independent 
of g^^] and the -norm in fl0.14|) includes also the derivatives on the parameters. 

In fl().14j) . the term ff{p~°°) means that for any G N, there exists Ci^i^ > such 
that its ^'^-norm is dominated by Ci^i^p~K 

It is interesting to see that the kernel Z') is the product of two kernels : along 
TjjgXc it is the classical Bergman kernel on T^^Xg with complex structure Jx^, while 
along Ng, it is the kernel of a harmonic oscillator on Ng,xo- 

Remark 0.3. i) Theorem 10 .21 is a special case of Theorem 12 . 2HI where we do not assume 
J = J on P = yU^^(O). In Theorem 13. 2| we get explicit informations on P^"^^ when J 
verifies ()3.2j) . 

ii) If G does not act freely on P, then Xg is an orbifold. In Section IT!T| we explain how 
to modify our arguments to get the asymptotic expansion, Theorem 14.11 Analogous to 
the usual orbifold case \17, (5.27)], Pp{x,x){x G P) does not have a uniform asymptotic 
expansion if the singular set of Xg is not empty. 

iii) Let V be an irreducible representation of G, let P^ be the orthogonal projection 
from DP''{X,U' (g) E) on HomG(V, Ker Dp) (g) V C Kei Dp. In Section Ol we get the 
asymptotic expansion of the kernel Pp{x,x') from Theorems 10.11 ITOl 

iv) When G = {1}, Theorem lO is ^ Theorem 4.18']. 

v) If we take Z = Z' = in dim) , then we get for xq G Xg, 

(0.15) Pi°)(0,0) = 2'?W„ 

and 

k 

(0.16) p-"+^/^2(xo)Pp^(xo,xo) - 5^ Pif )(0,0)p- 

=0 



< Cp 



-fc-1 



In Section 14.31 we show that ()0.15p and ()0.16|) are direct consequences of the full off- 
diagonal asymptotic expansion of the Bergman kernel ^Tj Theorem 4.18']. In fact, one 
possible way to get Theorem 10.21 is to average the full off-diagonal asymptotic expansion 
of the Bergman kernel on X Theorem 4.18'] with respect to a Haar measure on G. 
However, we do not know how to get the full off-diagonal expansion, especially the fast 
decay along Ng in ()().14j) in this way. 

In this paper we will apply the analytic localization techniques to get Theorem 10. 21 and 
this method also gives us an effective way to compute the coefficients in the asymptotic 
expansion (cf. §3.2|1 . The key observation is that the G-invariant Bergman kernel is 
exactly the kernel of the orthogonal projection to the zero space of a deformation of 
by the Casimir operator (i.e., to consider D"^ — pCas). This plays an essential role in 
proving Theorems 10.11 10.21 

Let J^p be a section of End(A(T*(°'i)X) ® E)b on Xg defined by 

(0.17) yp{xo) = f h\xo, Z)P^ o ^((a;o, Z), (xq, Z))k{x^, Z)dv^^{Z). 

JzeNG,\Z\<eo 
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By Theorem modulo J^p(xo) does not depend on Eq, and 

(0.18) dim(KerDp)«= / TT[P;riy,y)]dvx{y) = [ TT[P^{y,y)]dvx{y) + ^ip-^ 

Jx Ju 

h\y) i:i[P^{y,y)]dvB{y) + ^(p-°°) 

Tr[j^p(xo)](ifxG(a;o) - 



B 



iXa 

A direct consequence of Theorem 10.21 is the following corollary. 
Corollary 0.4. Taken Z = Z' e Ng,xo, m = in ^T^ . we get 



k 

(0.19) \p~-^'^ih\){z)p^^iz,z)-J2P^^VpZ,VpZ)p-''^' 

r=0 

< Cp-('^+i)/2(l + v^l^l)-™" + 



In particular, there exist $r ^ End(A(T*(°'-'^^X) ® E)b,xo ^ N) which are polynomials 
in A, R^^, jiEb^ ^ ^cm ^ (^^^^^^ ^x ^ ^det^ . ^^^^^ j^^ j^Lb ^ . ^^^^^ 

and their derivatives at Xq up to order 2r — 1 {resp. 2r — 2; resp. 2r; resp. 2r + 1), 
and $0 = Ic®Eb' ^^(^^ ^^^^^ /^^^ ^'^^Z G N, i/iere ea;zsts C^^m' > such that for any 
xo eXcpe n, 



(0.20) p-"+"°^p(Xo) - V $.(Xo)p-'' , < Ck,n.'P 



r=0 



In the rest of Introduction, we will specify our results in the Kahler case. 

We suppose now that (X, cj, J) is a compact Kahler manifold and J = J on X. 
Assume also that (L, /i^,V^), {E, yV^) are holomorphic Hermitian vector bundles 
with holomorphic Hermitian connections, and the action of G on X, L, E is holomorphic. 

Let o be the formal adjomt of the Dolbeault operator o , then 

(0.21) D, = v^(r^%9"^^^0, 

and 

(0.22) Dl = 2 (d^^^^t'^^- + 

preserves the Z-grading of Q^'*{X, ® E). 

By the Kodaira vanishing theorem, for p large enough, 

(0.23) [Kei Dpf = H^{X,U' ® Ef. 

Thus for p large enough, Pp{x, x') G (L^ (g) E)^ ® [L^ (g) E)*, and so Pp{x, x) e End{E^), 
J^p{xq) G End(i?a;o). In particular, in (jO.lSj) . 

(0.24) Pi|;)(0,0) = 2^Id^,. 
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Remark 0.5. In the special case of E = C, P^{xo,Xo) is a non-negative function on 
Xg, and ()0.16|) has been proved in 33, Theorem 1] without knowing the informations on 
Pio''^ (0,0), while in [Ml Theorem 1], it was claimed that Pio^(0,0) = 1. In Prop. 1], 
Paoletti knew that for any / G N, there is C > such that for any p, \Pp{x,x)\ < Cp~^ 
uniformly on any compact subset of X \ (/i^^(O) U R), with R the subset of unstable 
points of the action of G. In j^l], some Toephtz operator type properties on Xq was also 
claimed from the analysis of Toeplitz structures of Boutet de Monvel-Guillemin jTTj, 
Boutet de Monvel-Sjostrand |T2] and Shiffman-Zelditch [30] • If we suppose moreover 
that G is a torus, Charles has also a different version on the Toeplitz operator type 
properties on Xq- 

In Section we will show that Theorem 10 . 21 implies properties of Toeplitz operators 
on Xq (which also hold in the symplectic case). In particular, we recover the results on 
Toeplitz operators [12], |S1I- 

Let h denote the restriction to Xq of the function h defined in (jO.lOj) . 
The second main result of this paper is that we can in fact obtain the scalar curvature 
r^*^ on the symplectic reduction Xq from J^. 

Theorem 0.6. If{X,uj) is a compact Kdhler manifold and L,E are holomorphic vector 
bundles with holomorphic Hermitian connections , V^, J = J, and G acts freely 
on /i~^(0), then for p large enough, J^p{xq) G End(i?G)xoj o^t^ ()0.2()|1 . ^r{xo) G 
End(EG) XQ are polynomials in A, R^^ , R^^ , fi^ , R^ [resp. h, R^^ ; resp. fi) and their 
derivatives at xq to order 2r — 1 [resp. 2r, resp. 2r + 1), and $o = W^Bq. Moreover 

(0.25) $i(xo) = + ^Axa hgh + ^<-(«;?, w;). 

Here r^^ is the Riemannian scalar curvature of {TXg, g^^^) , is the Bochner- 

Laplacian on Xq {cf. p. 2111 ). and {w'j} is an orthonormal basis ofT^^'^^Xc- 

Since the non-equivariant version of this result has already played a crucial role in the 
work of Donaldson mentioned before, we have reason to believe that Theorem 10.61 might 
also play a role in the study of stability of projective manifolds. Indeed, as Donaldson 
usually interprets his results in the framework of geometric quantization, this seems 
likely to be so. 

We recover ()0.6p from ()0.25|) after taking the trace, and then the integration on Xq- 
Thus fl0.25|) is a local version of ()0.6|) in the spirit of the Local Index Theory. The ap- 
pearance of the term -^Axq log h is unexpected. 

Let T be the torsion of the connection °V^"^ in (|1.2p on U. The curvature G of the 
principal bundle U B relates to the torsion T by p.fij) . 

Following (j3.6p and (|5.20|) . we choose {ef} to be an orthonormal basis of Nq^xo ^-nd 
{^} G TxI'^^Xg to be the holomorphic basis of the normal coordinate on Xq, and define 

%:im, Tjki as in (j5.14p . In particular, by Remark (5.31 Tj^i = if G is abelian. 

The G-invariant section Ji^ of TY End(£') on U is defined by (|1.13|) and (|1.14j) . 
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If there is no other specific notification in the next formula ()0.26|) . when we meet the 
operation | P, we will first do this operation, then take the sum of the indices. 

Theorem 0.7. Under the assumption of Theorem \0.(^ forp > large enough, P!^{x, x) G 
End(E^) and Pi;^ (0,0) G End(E^J. Moreover, 

(0.26) Pi;)(0, 0) = 2^ {i-r^t + ^^^^(^^ ^) + ^^x. logh 




Remark 0.8. Certainly, if we only assume that J = J on f/, a neighborhood of P = 
/i^^(O), then we still have ^r{xo) G End{Eo)xo, as we work on the kernel of the Dirac 
operator Dp. Set J^p^ = Ic^Ec-^pIc^Ec^ ^^e component of J^p on C C?) Eq- As the 
computation is local, we still have Theorem 10 . 61 with replaced by J^p o and J^p — J^p,o = 
iff{p~°°) (cf. ()5.18|) ). If we only work on the 9-operator, i.e. the holomorphic sections, 
in Section Eini we explain how to reduce the case of general J to the case J = J. Same 
remark holds for P^{xq, Xq). 

Let 2 : P ^ X be the natural injection. 

Let TiG ■■ ^°^(P, LP ® E)^ '^°°(Xg, ® ^g) be the natural identification. 
By a result of Zhang Theorem 1.1 and Proposition 1.2], one sees that for p large 
enough, the map 

ttg o z* : ^°°(X, LP ® Ef ^ '^'^{Xg, ® Eg) 
induces a natural isomorphism 

(0.27) ap = ttg o f : H\X, ® Ef H\Xg, ® Eg). 

(When = C, this result was first proved in Theorem 3.8].) 

The following result is a symplectic version of the above isomorphism which is proved 
in Corollary HUni as a simple application of the Toeplitz operator type properties proved 
in that subsection. It might be regarded as an "asymptotic symplectic quantization 
identification", generalizing the corresponding holomorphic identification ()0.27j) . 

Theorem 0.9. If X is a compact symplectic manifold and 3 = J, then the natural map 
ap : (KerDp)*^ — >• KerD^^p defined in ()4.1()8|1 is an isomorphism for p large enough. 

Let ( , ) LP (g)EG be the metric on ® Eg induced by h^^ and h^'^ . 
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In view of |4m (3.54)], the natural Hermitian product on ^""(X^L^ (S) Eq) is the 
following weighted Hermitian product ( , )^: 



(0.28) {si,s2)i= {si,S2)LP^EGi^o)h Mdvxaixo)- 

Jxg 

In fact, 7TG : C^°°(P, ® Ef, ( , )) ^ (^°°(Xg, ® Eg), ( , h) is an isometry. 
We still denote by ( ) the scalar product on H°{X, W E)'-' induced by (flT^ . 

Theorem 0.10. The isomorphism {2p)~~iOp is an asymptotic isometry from (if°(X, U^® 
E)'-',{, )) onto {H^{Xg-,L^q ® Eg)j{j i-e., if {s^j'f^-^ is an orthonormal basis of 
{H%X,LP®Ef,{, )), then 

(0.29) (2p)-^ {a,sl a,s% = 5,, + ^ Q 

From the explicit formula ()0.2(j|l . one can also get the coefficient of p~^ in the expansion 
()0.29|1 . We leave it to the interested readers. 

Let P/g denote the orthogonal projection from (^~(Xg, L^®Eg), ( , h) onto H°{X, L^C 
Eg). Let P^'^{xq,x'q) (xq, Xq G Xg) be the smooth kernel of the operator P^'^ with re- 
spect to h"^ {x'Q)dvxG{^'o) ■ 

The following result is an easy consequence of fTjl Theorem 1.3]. 

Theorem 0.11. Under the assumption of Theorem AO.f^ there exist smooth coefficients 
^r{xo) £ Eiid(ii^G)a;o which are polynomials in R^^^^ , R^^ {resp. h), and their derivatives 
at Xo to order 2r — 1 {resp. 2r), and $o = Id^G? such that for any k,l & N, there exists 
Ck,i > such that for any xq G Xg, p G N, 

k 



(0.30) p-^+^'^h\xo)P^''{xo,xo) - Y,Mxo)p' 



r=0 



< Ck,ip 



-fc-1 



Moreover, the following identity holds, 

(0.31) $i(a:o) = + i-A^, hgh + ^<-(t^?, wj). 

Remark 0.12. From ()0.25|) and ()0.31|) . one sees that in general $i 7^ $i, if /i is not 

constant on Xg- This reflects a subtle difference between the Bergman kernel and the 
geometric quantization. 

From the works J7], [2^] and the present paper, we see clearly that the asymptotic 
expansion of Bergman kernel is parallel to the small time asymptotic expansion of the 
heat kernel. To localize the problem, the spectral gap property ()2.13|) and the flnite 
propagation speed of solutions of hyperbolic equations play essential roles. 

Let f/ be a G-neighborhood of /i~^(0) as in Theorem 10. 2^ in this paper, we will then 
work on U/G. 

Indeed, after doing suitable rescaling on the coordinate, we get the limit operator ^2 
(cf. (I3.13|l ) which is the sum of two parts, along Tx^Xg, its kernel is inflnite dimensional 
and gives us the classical Bergman kernel as in C"~"°, while along Ng, it is a harmonic 
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oscillator and its kernel is one dimensional. This explains well why we can expect to get 
the fast decay estimate along Nq in ()0.14|1 . 

This paper is organized as follows. In Section d we study connections and Laplacians 
associated to a principal bundle. In Section |21 we localize the problem by using the 
spectral gap property and finite propagation speed, then we use the rescaling technique 
in local index theory to prove Theorem 12.231 which is a version of Theorem 10.21 without 
assumption on J. We assume G acts freely on P = /i~^(0) in Sections 12.5112.81 and in 
Section 14.11 we explain Theorem 14.11 the version of Theorem 10.21 where we only assume 
that /i is regular at 0. In Sectional we get explicit informations on the coefficients P^''^ 
when J verifies fl3.2|l . thus we get an effective way to compute its first coefficients of the 
asymptotic expansion ()().14|1 . Especially, we establish ()().12|1 and (jO.lHj) . In Section El 
we explain various applications of our Theorem 10.2^ including Toeplitz properties, etc. 
In Sectional we compute the coefficients $i in Theorem 10. (jl and Pi^'' (0,0) in Theorem 
10.71 and in the general case: J ^ J. In Section IHl we prove Theorems l().l()| 10. IH 

Some results of this paper have been announced in jSHl IHH] ■ 

Notation : In the whole paper, if there is no other specific notification, when in a 
formula a subscript index appears two times, we sum up with this index. 
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1. Connections and Laplacians associated to a principal bundle 

In this Section, for tt : X B = X/G a G-principal bundle, we will study the 
associated connections and Bochner-Laplacians. The results in this Section extend the 
corresponding ones in [2 §ld)] and [TJ §5.1, 5.2] where the metric along the fiber is 
parallel along the horizontal direction. These results will be used in Proposition 12. 71 and 
in Sections \'S.'S[ El 

If G acts only infinitesimal freely on X, then B = X/G is an orbifold. The results in 
this Section can be extended easily to this situation, as will be explained in Section Wl\ 

This Section is organized as follows. In Section 11.11 we study the Levi-Civita con- 
nection for a principal bundle which extends the results of |2l §ld)]. In Section [T21 we 
study the relation of the Laplacians on the total and base manifolds. 

1.1. Connections associated to a principal bundle. Let a compact connected Lie 
group G acts smoothly on the left on a smooth manifold X and dimG = no. We suppose 
temporary that G acts freely on X. Then 

7r:X^B = X/G 

is a G-principal bundle. We denote by TY the relative tangent bundle for the fibration 
7i:X^B. 

Let g^^ be a G-invariant metric on TX. Let V^^ be the Levi-Civita connection on 
TX. By the explicit equation for <^Vj^^-, ■) in 1, (1.18)], for W, Z, Z' vector fields on X, 

(1.1) 2 (V^^Z, Z') = W {Z, Z') + Z (W^, Z') - Z' (VT, Z) 

- {W, [Z, Z']) - (Z, [W, Z']) + {Z\ [W, Z\) . 

Let T^X be the orthogonal complement of TY in TX. 
For U eTB, let G T^X be the lift of U. 

Let g^^ ^ be G-invariant metrics on TY,T^X induced by g^^ . Let P-^^, ^ 
be the orthogonal projections from TX onto TY, T^X. 

Let g^^ be the metric on TB induced hj g"^ ^ . Let V"^^ be the Levi-Civita connection 
on {TB,g^^) with curvature R^^ . Set 

(1.2) V^"^ = 7r*V^^, ^TY ^pTY^TXpTY^ o^TX ^ ^tY ^ X _ 

Then V"^^"^, °V^^ define Euclidean connections on T^X, TX, and V"'"^ is the connec- 
tion on TY induced by V^^ (cf. Def. 1.6]). 

Let T be the torsion of °V'^^, and let S e T*X (g) End(TX), g^^ e T*B (g) End(Tr) 
be defined by 

(1.3) 5 = V^^-°V^^, 9V = i9n-\Lu-9'^'^) for UeTB. 

Then S* is a 1-form on X taking values in the skew-adjoint endomorphisms of TX. 

By jni Theorem 1.2] (cf. Theorems 1.1 and 1.2]) the proof of which can also be 
found in jU Prop. 10.2] where one applies directly p.l|l . we know that V^^ is the 
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Levi-Civita connection on TY along the fiber Y, and for U G TB, 

(1-4) = L^u + \{g^^)-\Luug^^) = Luu + . 

Let g be tlie Lie algebra of G. For G g, we denote by = -§^6'*^ x\t=o the 
corresponding vector field on X, then gK^ = {Adg{K))-^^. Thus we can identify the 
trivial bundle X x g with Ad-action of G on g to the G-equivariant bundle TY by the 
map K — > . 

Let 6 : TX ^ g be the connection form of the principal bundle tt : X —>■ B such that 
T^X = Ker^, and G its curvature. 

For Ki, K2 G g, U,V E TB, as is G-invariant, we have 

(L5) LuhK^ = -[K^,U''] = 0. 

By (1131), (ESI), we get T G A^{T*X) ® TY and 

(1.6) T(f/^, V^) = 0(f/^, V^) = -P^^[[/^, y^], T(irj^, ^2^) = 0, 

TiU^,K^) = ^(/^)-^(L^«/^)i^f^ = Ifu'^K^- 

And by (HH), dH, (Hi) and (HSI), for G TX, we have (cf. also g (1-28)], [H Prop. 
10.6]), 

S{W){TY) CT^X, S{U^)V^ eTY, 

(1.7) 2 {S{U'')K^, \/^) = 2 (5(iri^)?7^, F^) = (T(f/^, l^^), i^j^) , 

{S{K^)U^, Kf) = - {S{K^)K^, U^) 

= \U^{K^,K^) = {T{U^,K^),K^). 
Let {cj} be an orthonormal basis of TB. By (jl.3|) and ()1.7|) . for y a section of TY , 

(1.8) V?;fr = V?;^r + i(T(t/^,ef),F>ef. 
Proposition 1.1. Let {fiYlZi he a G-invariant orthonormal frame of TY , then 

no 

(1-9) Evr/<=o. 

1=1 

Proof. p.9p is analogue to the fact that any left invariant volume form on G is also right 
invariant. We only need to work on a fiber YJ,, b E B. 
Let dvy be the Riemannian volume form on Yf,. 

By using Lf^^fi = ^^f^ fi — ^"^j^ fk and dvy is preserved by V"^^ on Yj,, we get 

no 

(1.10) LfjvY = J2 (vr/fc' fi) dvy- 

1=1 

Now from L/^, = if,,d^ + d^ij,. and {V^^ fk, fi) is G-invariant and ()1.1U|) . we get 

(1.11) 0= / Lf^dVy = Y,{VYfk,fl) [ dvy. 

Jy, i^-^ Jy, 
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Prom (irmi . we get □ 

Remark 1.2. If (7^^ is induced by a family of Aci- invariant metric on q under the 
isomorphism from X x g to TY defined hy K , then ()1.9|) is trivial In this case, 

as in [T^ Theorem 11.3], for Yi, Y2 two G- invariant sections of TY, by (jl.ip . we have 

(1-12) V^^Y, = ^-[Y,,Y,]. 

1.2. Curvatures and Laplacians associated to a principal bundle. Let (F, h^) be 

a G-equivariant Hermitian vector bundle on X with a G-invariant Hermitian connection 
on X. For any K E Q, denote by the infinitesimal action induced by K on the 
corresponding vector bundles. 

Let fi^ be the section of q* ® End(F) on X defined by, 

(1.13) fx^iK) = V^x - Lk for Keg. 

By using the identification X x g — > TY, /i^ defines a G-invariant section Jl^ of TY (g) 
End(-F) on X such that 

(1.14) {r,K'')=^^^{K). 

The curvature i?^ of the Hermitian connection — /i^(0) on F is G- invariant. More- 
over as is G-invariant, by p.l3p . 

(1.15) i?J(i^^, v) = [Lk, - fx^miv) = 
foT K e Q, V e TX, and 

(1.16) R^ = R^- V^(^^(^)) + /i^(^) A /i^(^). 

The Hermitian vector bundle {F, h^) induces a Hermitian vector bundle {Fb, h^'^) on 
B by identifying G-invariant sections of F on X. 
For s G ^°°(5, Fb) ^ ^°°(X, F)^, we define 

(1.17) V^^s = %hS. 

Then V^^ is a Hermitian connection on Fe with curvature i?^^. 

Observe that V^^ is the restriction of the connection V'^ — fi^{6) to ^'^{X, F)^ , and 
i?^^ is the section induced by R^. From ()l.lfj|l . for f/i, t/2 £ TB, we get 

(1.18) i?^-(f/i, U,) = R^{U^, f/f ) - ^^^{Q){U„ U,). 

Let dfx be the Riemannian volume form on [X,g'^'^). We define a scalar product on 
^°°(X,F) by 

(1.19) (si,s2)= / (si,S2)F(a;)c?t;x(x). 

As in fll.l9|l . h^'^ , g^^ induce a natural scalar product ( ) on ^°°{B,Fb)- 

Denote by vol(Ga;) {x G X) the volume of the orbit Gx equipped with the metric 
induced by g'^^ . The function 

h{x) = a/vo1(Gx), X G X, 
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as in ()0.10|) is G-invariant and defines a function on B. 

Denote by ttg : F)'^ '^°°{B, Fb) tlie natural identification. Then the map 

(1.20) $ = /iTTG : (^°°(X, Ff, ( , )) ^ (^-(5, Fs), ( , )) 

is an isometry. 

Let {eajJJL^ be an orthonormal frame of TX. 

Let [E, h^) be a Hermitian vector bundle on X and let be a Hermitian connection 
on E. The usual Bochner Laplacians A^, Ax are defined by 

m 

(1.21) A-:=-5:((Vfj^-V-,.g, Ax = AC. 

a=l 

Let be a G-invariant orthonormal frame of TY , and {/'} its dual basis, and 

let {cj} be an orthonormal frame of TB, then {ef , fi} is an orthonormal frame of TX. 

To simplify the notation, for (Xi, (72 G TF(8)End(F), we denote by (cti, 0-2) gTv G End(F) 
the contraction of ai ® 02 on the part of TY by f?^^. In particular, 

no 

(1.22) = Y^^lfJi? e End(F). 

z=i 

The following result extends Prop. 5.6, 5.10] where F = X Xq V for a G- 
representation V, and where g^"^ is induced by a fixed Ad- invariant metric on g under 
the isomorphism from X x g to TY defined by K ^ (Thus h is constant on B). 

Theorem 1.3. As an operator on ^'^{B,Fb), we have 

(1.23) $A^$-i = A^^ - {Jl^, Jl^)gTY - ^Anh. 

n 

Proof. At first by (HSl) and (|TTjl . 

(1.24) ^{e,h) = ]^{L,Hdvy)/dvy = i f) = -i (l,^/,, 

= i(L,.^^^)(/,, /,) = i (r(ef , /,),/,) = (5(/0/z, ef > . 

As Ji^ is G-invariant, then {Jl^, fi) is also a G-invariant section of End(F). 
By (HH, = {Jl^Ji) on ^^{X,Ff, and by (Q, Vj;^/, = fi + S{fi)fi, thus 
by (fT^ . we get for 1 < / < no, 

(1.25) mvjf - V^.x^J$-^ = (/I^, ft)' - VYfi) - Wjf^o/.^"'- 
From (HHj), (HISI), dm}, ^rm . and fT^ . we have 

2n— no _ _ no 



;i.26) $A^$- = - E * [(Vff - Vv-ef ] - E * [(^JJ)' - ^ 



1=1 

no 



$-1 



hA^-h-' - Y^iTi^Ji)' - 2(e,/i)Vj-/i-^ = A^- - (/I^,/I^),T. - -AbH. 
1=1 



□ 
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2. G-iNVARiANT Bergman kernels 

In this Section, we study the uniform estimate with its derivatives on t = of the 
G-invariant Bergman kernel P^{x,x') of Dp as p oo. 

The first main difficulty is to localize the problem to arbitrary small neighborhoods 
of P = 12-^(0), so that one can study the G-invariant Bergman kernel in the spirit of 
|17j . Our observation here is that the G-invariant Bergman kernel is exactly the kernel 
of the orthogonal projection on the zero space of an operator Cp, which is a deformation 
of Dp by the Casimir operator. Moreover, Cp has a spectral gap property (cf. ()2.22|) . 
fl2.23|) ). In the spirit of ^Tj §3], this allows us to localize the problem to a problem near 
a G-neighborhood of Gx. By combining with the Lichnerowicz formula, we get Theorem 
lOin Section in 

After localizing the problem to a problem near P, we first replace X by G x M^"~"o, 
then we reduce it to a problem on M^"""''. On the problem in Section [2.71 is 

similar to a problem on M^" considered in [T7| §3.3]. 

Comparing with the operator in [T7| §3.3], we have an extra quadratic term along the 
normal direction of Xq- This allows us to improve the estimate in the normal direction. 
After suitable rescaling, we will introduce a family of Sobolev norms defined by the 
rescaled connection on and the rescaled moment map in this situation, then we can 
extend the functional analysis techniques developed in jT3 §3.3] and [3 §11]- 

This section is organized as follows. In Section 12.11 we recall a basic property on 
the Casimir operator of a compact connected Lie group. In Section 12.21 we recall the 
definition of spin^ Dirac operators for an almost complex manifold. In Section 12. 3[ 
we introduce the operator Cp to study the G- invariant Bergman kernel of Dp. In 
Section 12.41 we explain that the asymptotic expansion of P^(x,a;') is localized on a 
G-neighborhood of Gx, and we establish Theorem lU.ll In Section 12.51 we show that 
our problem near P is equivalent to a problem on U/G for any open G-neighborhood 
U of P. In Section 12. fi^ we derive an asymptotic expansion of ^Cp^~^ in coordinates 
of U/ G. In Section 12. 7| we study the uniform estimate with its derivatives on t of the 
Bergman kernel associated to the rescaled operator ^2 from using heat kernel. 

In Theorem 12. 2H we estimate uniformly the remainder term of the Taylor expansion of 
e~"^2 for M > Mo > 0, < t < to < 1. In Section EiHl we identify Jr,u, the coefficient 
of the Taylor expansion of e~'^'^^ , with the Volterra expansion of the heat kernel, thus 
giving a way to compute the coefficient Pxl^ in Theorem 10. 21 In Section 12. 8^ we prove 
Theorem rO except (jHT^ and ^TWf . 

We use the notation in Section [H In Sections 12. 5112. 8^ we assume G acts freely on 
P = fi-\0). 

2.1. Casimir operator. Let G be a compact connected Lie group with Lie algebra g 
and dimG = no. We choose an Ad-invariant metric on q such that it is the minus Killing 
form on the semi-simple part of Q. 

Let {ii'j}^™}'^ be an orthogonal basis of g and {K^} be its dual basis of g*. 
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The Casimir operator Cas of q is defined as the following element of the universal 
enveloping algebra U (g) of g, 

dimG 

(2.1) Cas := ^ K,K,. 

i=i 

Then Cas is independent of the choice of {Kj} and belongs to the center of U{q). 

Let t be the Lie algebra of a maximum torus T of G, and t* its dual. Let | | denote 
the norm on t* induced by the Ad-invariant metric on g. 

Let W C t* be the fundamental Weyl chamber associated to the set of positive roots 
A+ of G, and its closure W C t*. 

Let I = {K G t;exp(27rfC) = 1 G T} the integer lattice such that T = t/2nl, and 
P = {« G t*; a(/) C Z} the lattice of integral forms. 

Let go be the half sum of the positive roots of G. 

By the Weyl character formula |19t Theorem 8.21], the irreducible representations 
correspond one to one to G W Pi P, the highest weight of the representation. 

Moreover, for any irreducible representation p : G —>■ End{E) with highest weight 
"i? G W n P, classically, the action of Cas on E is given by (cf. Theorem 10.6]), 

(2.2) p(Cas) = -(1^9 + Qcf - iQcf) Ms . 
Set 

(2.3) i/i:= inl (\^ + g^\^ - \g^\^) > Q. 

By (j2.2|) . for any representation p : G End{E), if the G-invariant subspace E"^ of 
E is zero, then 

(2.4) -p(Cas) > z/i Me ■ 

2.2. Spin'^ Dirac operator. Let {X,uj) be a compact symplectic manifold of real di- 
mension 2n. Assume that there exists a Hermitian line bundle L over X endowed with 
a Hermitian connection with the property that 



271 

where = (V'^)^ is the curvature of (L, V^). 

Let {E, h^) be a Hermitian vector bundle on X with Hermitian connection V'^ and 
its curvature R^. 

Let g^^ be a Riemannian metric on X. 

Let J : TX — > TX be the skew-adjoint linear map which satisfies the relation 

(2.5) cu{u,v) = g'^^{Ju,v) 

for u, f G TX. 

Let J be an almost complex structure such that 

(2.6) g'^^ (Ju, Jv) = g'^^ {u,v), uj{Ju, Jv) = uj{u,v), 
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and that uj{-,J-) defines a metric on TX. Then J commutes with J and 

-(JJ-,-)=^(-,J-) 

is positive by our assumption. Thus — JJ G End(TX) is symmetric and positive, and 
one verifies easily that 

(2.7) -JJ = (-J^)l/^ j= j(-j2)-i/2. 

The almost complex structure J induces a splitting 

where T^^'^^X and T'^'^'^^X are the eigenbundles of J corresponding to the eigenvalues 
a/— 1 and — V— 1 respectively. Let T**^^'°)X and T*'^'^'^^X be the corresponding dual 
bundles. 

For any v G TX ®K C with decomposition v = vi^ + wo,i G T^^'^^X © T^^'^^X, let 
U* ^ T*(°'^)X be the metric dual of Vi^. Then 

(2.8) c{v):=V2{vl,A-t,,J 

defines the Clifford action of v on A(T**^°'^)X), where A and i denote the exterior and 
interior multiplications respectively. 
Set 

(2.9) Uo:= inf R^{u,u) /\u\Itx > 0. 

Let V"^^ be the Levi-Civita connection of the metric g"^^ with curvature R^^ . We 
denote by p'^'-^'°^^ the projection from TX (8)]r C to T^^'^^X. 

Let v^'^ = p'^^^'"^^ yTX pr(i o)x ^j^^ Hermitian connection on T^^'^^X induced 
by V"^''^ with curvature RT^^'°''^ . 

By 121 pp.397-398], V^^ induces canonically a Clifford connection V^™ on A(T*(°'^)X) 
and its curvature R^^^^ (cf. also [23 §2]). 

Let {ea}a be an orthonormal basis of TX. Then 



(2.10) R""''^ = I ^{i?^^e„, e,)c(e,)c(e,) + ^ Tr 



4 

ab 



Let V^'' be the connection on 

(2.11) := A(T*(°'^)X) © LP ® E 

induced by V'^^''^, and V^. 

Let ( be the metric on Ep induced by g'^^ , and h^. 

The L^-scalar product ( ) on fi°'*(X, L''^ ^ E), the space of smooth sections of Ep, is 
given by p.l9|) . We denote the corresponding norm by ||-||l2- 

Definition 2.1. The spin'^ Dirac operator Dp is defined by 

2n 

(2.12) Dp := J2 c(ea)V^^ : Q°''{X, U ® E) — > f]°'-(X, U ® E) . 



a=l 
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Clearly, Dp is a formally self-adjoint, first order elliptic differential operator on L^g 
E), which interchanges ® E) and U ® E). 

If A is any operator, we denote by Spec(A) the spectrum of A. 

The following result was proved in |25l Theorems 1.1, 2.5] by applying directly the 
Lichnerowicz formula (cf. also [SI Theorem 1] in the holomorphic case). 

Theorem 2.2. There exists > such that for any p G N and any s G ® 

E) = ^^^,n^'i{X,LP®E), 

(2.13) WDpsWl, ^ (2pz/o-Ci)Plli2. 
Moreover Spec(Dp) C {0} U [2]9z/o - Cl, +oo[. 

2.3. G-invariant Bergman kernel. Suppose that the compact connected Lie group G 
acts on the left of X, and the action of G lifts on L, E and preserves the metrics and 
connections, uj and the almost complex structure J. 
Let /i : X — > g* be defined by 

(2.14) 2tx4^ii{K) := fi'^iK) = - Lk, Ke g. 

Then fi is the corresponding moment map (cf. PQ Example. 7.9]), i.e. for any K ^ q, 

(2.15) dn{K)=iKxuj. 

For V a subspace of fi*''*(X, L'^ ^ E), we denote by T^-*" the orthogonal complement of 
V in {n°''{X, LP 0E),{ )). 

Let fi°'*(X,LP O E)^, (KerDp)^ be the G-invariant subspaces of fi°'*(X,LP ® E), 
KerDp. Let Pp be the orthogonal projection from Q^'*{X, W ® E) on (Ker Dp)*^. 

Definition 2.3. The G-invariant Bergman kernel P^{x,x') {x,x' G X) of Dp is the 
smooth kernel of with respect to the Riemannian volume form dvx{x'). 

Let {Sflf^^ {dp = dim(Ker Dp)*^) be any orthonormal basis of (KerDp)"-^ with respect 
to the norm || \\l2, then 

dp 

(2.16) Pp^(x,x') = X^5f(x) ® iSfix'))* G (Ep), ® (E;).. 

1=1 

Especially, P^{x,x) G End(£'p)^ ~ End(A(T*(°'i)X) ® E)^. 
We use the notation in p.l3|) now. 
Recall that the Lie derivative Lk on TX is given by 

(2.17) LkV = V],lV -Vl'^K''. 
Thus 

(2.18) ^J^^^{K) = V^^K^ G End(TX), 
and the action on A(T**^°'^)X) induced by fi^^{K) is given by 

(2.19) ^^^'^^{K) = \j2cieM^l''K^) + ^ Tr[P^'^'"'^V^^ir^]. 

a=l 
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Thus the action of K on smooth sections of A(T*^^'^^X) is given by (cf. ,40, (1.24)]) 

(2.20) = V^^f-/i^"*^(ir). 

By and the action Lk of K on ^]°'•(X, ® E) is vffx - fi^^{K) with 

(2.21) jj^'^iK) = 2nV^pij{K) + ^i^{K) + /^^"^^(ir). 

Definition 2.4. The (formally) self-adjoint operator Cp acting on {VL^'*{X, ® E) , { , )) 
is defined by, 

dim G 

(2.22) Cp = Dl-pY,LKMr 

i=l 

The following result will play a crucial role in the whole paper. 

Theorem 2.5. The projection is the orthogonal projection from f2°'*(X, W^E) onto 
Ker(£p). Moreover, there exist v, Cl > such that for any p G N, 

KeT{Cp) = {KeTDpf, 
Spec(£p)c{0}U[2pz/ - Cl, +oo[. 



Proof By (IT^ . for any s G 1]°'*(X, LP ^ E), 



diniG 



(2.24) {Cps,s) = \\Dps\\l, +pJ2 \\LkM\1^- 

i=l 

Thus CpS = is equivalent to 

(2.25) DpS = Lk,s = 0. 

This means s is fixed by the G-action. Thus we get the first equation of ()2.23p . 

For s G (Kei Cp)^, there exist Si G n°''{X,LP ® E)^ D (KerDp)^, G (fi°''(X,LP ® 
E")*^)-*-, such that s = si + S2. Clearly, 

DpSi G fi°'*(X, LP ® E)^, DpS2 G (1]°'*(X, LP ® E f)^. 

By Theorem O and (Q, 

(2.26) {CpS, s) = -p(p(Cas)s2, S2) + ||DpS2||^2 + ||DpSi||^2 

> pz/i II 5211^2 + (2pz/o - Cl) II Sill ^2, 
from which we get (j2.23|) . □ 

We assume that G g* is a regular value of /i. Then Xq = /i^^(0)/G is an orbifold 
{Xg is smooth if G acts freely on P = /i~^(0)). Furthermore, u descends to a symplectic 
form ug on Xg- Thus one gets the Marsden-Weinstein symplectic reduction {Xg,^^g)- 

Moreover, (L,V^), {E,V^) descend to (Lg^V^^), (Eg,V^g) over Xg so that the 
corresponding curvature condition holds 



(2.27) ^R"-" = UJG. 
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The G-invariant almost complex structure J also descends to an almost complex struc- 
ture Jg on TXg, and , h^,g'^^ descend to /i^^^ h'^G^gTXc^ 

We can construct the corresponding spin'^ Dirac operator Dg,p on Xg- 
Let Pg^p be the orthogonal projection from VP'*{Xg,L^g ® ^g) on KerDcp, and let 
Pg,p{x, x') be the smooth kernel of Pg,p with respect to the Riemannian volume form 

The purpose of this paper is to study the asymptotic expansion of Pp{x,x') when 
p ^ oo, and we will relate it to the asymptotic expansion of the Bergman kernel Pg,p 
on Xg- 

2.4. Localization of the problem. Let be the injectivity radius of {X,g^^), and 
€ e (0, a^/4). U X e X, Z e T^X, let R 3 u ^ Xu = expf (uZ) G X be the geodesic in 
{X,g^^), such that Xq = x, ^\u=o = Z. 

For a; G X, we denote by B^{x,e) and B'^^^{0,e) the open balls in X and T^X 
with center x and radius e, respectively. The map T^X 3 Z ^ exp;^(Z) G X is a 
diffeomorphism from B'^'^^{0,e) on B^{x,e) for e < . 

From now on, we identify B'^''-^{0,e) with B^{x,e) for e < /A. 

Let / : M ^ [0, 1] be a smooth even function such that 

1 for \v\ < e/2, 
for If I > e. 



(2.28) f{v 
Set 



f{v)dv) / e''"'f{v)dv. 

■oo J —oo 

Then F{a) is an even function and lies in Schwartz space 5(R) and F{0) = 1. 

Let F be the holomorphic function on C such that -F(a^) = F{a). The restriction of 
F to M lies in the Schwartz space iS(M). 

Let F{Cp){x,x') be the smooth kernel of F{Cp) with respect to the volume form 
dvx{x'). 

Proposition 2.6. For any /,m G N, there exists Ci^m > such that for p > Cl/i^, 

(2.30) \F{Cp){x,x') - P;;ix,x')k^ixxx) < Q,^p-'. 
Here the ^™ norm is induced by V^, V'^, y*"'*-^, h^, and g^^ ■ 
Proof. For a G M, set 

(2.31) 0p(a) = lip^^+^[{a)F{a). 
Then by Theorem 12.51 for p > Cl/u, 

(2.32) F{Cp)-P;; = <l)p{^p)- 
By ()2.29p . for any m G N there exists Cm > such that 

(2.33) snp \ar\F {a)\ < Cm- 
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As X is compact, there exist {xi}l^^ C X such that {f/j = {xi^e)}^^^ is a covering 
of X. We identify B^^i-^{^,e) with _B"^(xj,£:) by geodesies as above. 

We identify {Ep)z for Z G B'^''i^{0,6) to {Ep)xi by parallel transport with respect to 
the connection V"^*" along the curve 7^ : [0,1] 3 u ^ exp^,{uZ). 

Let {cj}^"^ be an orthonormal basis of T^^X. Let ej{Z) be the parallel transport of 
Cj with respect to V^"^ along the above curve. 

Let r^, r^, r*^''^ be the corresponding connection forms of V"^, and V*"^'''^ with 
respect to any fixed frame for E, L, A{T*^^'^^ X) which is parallel along the curve 7^ 
under the trivialization on f/j. Then is a usual 1-form. 

Denote by Vu the ordinary differentiation operator on T^^X in the direction U. Then 

(2.34) V^" = V +pT^ + r^™ + r^, Dp = c(ej)Vj. 
Let {ipi} be a partition of unity subordinate to {Ui}. 

For / G N, we define a Sobolev norm on the l-th Sobolev space H\X, Ep) by 

I 2n 

(2.35) \\4li = Y.Y. E l|Ve,---Ve.^(v...)||i. 

i k=0 ii,--- ,«fc=l 

Then by flTT^ . there exist C, C", C" > such that for p > 1, s G H^{X, Ep), 

(2.36) C'\\DIs\\l^-C"p'\\s\\l2 < \\s\\hi < CiWDlsU^ + p'\\s\\l^). 
Observe that Dp commutes with the G-action, thus 

(2.37) [Dp,Lk^] = 0. 

By ()2.22p . ()2.37|) . and the facts that Dp is self-adjoint and Lk^ is skew-adjoint, we 
know 

(2.38) \\Cps\\l, = \\Dls\\l,+p^\\J2LK,LK^s\\l,-2pReJ2{Dls,LK^LK^s) 

j j 

= \\Dls\\l2 + p^\\^Lk^Lk^s\\12 + 2p^\\LK^Dps\\l2. 
j j 
From (imT)|l . and (j23Hl), there exists C > such that 

(2.39) \\sy2<Ci\\Cps\\L2+p%s\\L2). 

Let Q be a differential operator of order m G N with scalar principal symbol and with 
compact support in Ui, then 

(2.40) [Cp,Q] = [DI,Q]-pY,[Lk,Lk.^Q] 

j 

is a differential operator of order m + 1. Moreover, by ()2.2H) . ()2.34|) . the leading term of 
order m — 1 differential operator in [Lk^Lk^, Q] is p^[{{V^ — 2TT\/^lfi){Kj)Y , Q]. Thus 
by and ^Ml, 

(2.41) ||Qs||h2 < C{\\CpQs\\l2 +p^\\Qs\\l2) 

< C{\\QCps\\i2 + p\\s\\jj^+i +p'^\\s\\h^ + P^W^h^-^)- 
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This means 

m+l 

(2.42) < C„p2™+2 ^ \\Cis\\L2. 
Moreover, from 

()2.31|) and ()2.33|) . we know that for any l,m' G N, there exists Ci^m' > such that for 
P> 1, 

(2.43) \\C'^'^p{Cp)Qs\\L2 < G,^'P~'+™||s|U2. 

We deduce from ()2.42p and ()2.43p that if Qi,Q2 are differential operators of order 
m, m' with compact support in f/j, Uj respectively, then for any / > 0, there exists 
Ci > such that for p > 1, 

(2.44) \\QM^p)Q2s\\l^ < Qp-'\\s\\L2. 

On Ui X Uj, by using Sobolev inequality and ()2.32j) . we get Proposition 12.61 □ 

Observe that Kj^ are vector fields along the orbits of the G-action, thus the contribu- 
tion of pLxjLxj in the wave operator exp{^/^t^,yT^) will propagate along the G-orbits, 
and the principal symbol of Cp is given by 

j 

By the finite propagation speed for solutions of hyperbolic equations jTHl §7.8], [23 
§4.4], ISHl I- §2.6, §2.8], F{Cp){x,x') only depends on the restriction of £p toG-B^{x,e) 
and 

(2.45) F{Cp) (x, x') = 0, if {Gx, x') > e. 

(When we apply the proof of [SHI §2.6, §2.8], we need to suppose that Si, S2 therein are 
G-space-like surfaces for the operator ^ — D^). 

Combining with Proposition 12. 6| we know that the asymptotic of Pp{x, x') as p — >■ 00 
is localized on a neighborhood of Gx. 

Proof of Theorem \U.l\ From Proposition 12.61 and ()2.45|) . we get ()0.7p for any G X, 
d^{Gx, x') > Eq. Now we will establish dlTfll for x,x' e X\U. 
Recall that t/ is a G-open neighborhood of P = /i^^(O). 

As is a regular value of /i, there exists eo > such that /i : X2eo = fi~^{B^* (0, 2eo)) — > 
i?^*(0,2eo) is a submersion, X2eo is a G-open subset of X. 

Fix e,eo > small enough such that X2eo C U, and d^{x,y) > As for any x G X^g, 
y E X\U . Then V^^ = X \ is a smooth G-manifold with boundary c^Ko- 

Consider the operator Cp on with the Dirichlet boundary condition. We denote it 
by Cp^D- Note that Cp^D is self-adjoint. 
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Still from |3Hl §2.6, §2.8], the wave operator exp{\^^ty^C^) is well defined and 
exp{^/^t^y Cp^£)){x, x') only depends on the restriction of Cpio G ■ B^{x,t) fl Ko; cind 
is zero if d^{Gx,x') > t. Thus, by (jT^ . 

(2.46) F{Cp) {x,x')= F{Cp,d) {x, x') , ifx,x' eX\U. 

Now for s G ^^{Veg, Ep), after taking an integration over G, we can get the de- 
composition s = si + S2 with si e fi°''(X,LP ® E)^, S2 G (fi°''(X,LP ® ^)^)^ and 
suppsi C Kp Vc^V^Q. 

Since Ylt^^ ^KiLxi commutes with the G-action, CpSi E fi°'*(X, ® -E)*^, £pS2 E 
(^]°'•(X,LP® E)^)^ and, by dZll, 

(2.47) (/:pS, s) = {CpSi, si) + {CpS2, S2) 

= \\DpS2\\l2 - p{p{Cas) 82,82) + {0^81,81) 

> m||s2||i2 + (-DpSi, Si). 

To estimate the term (DpSi,si), we will use the Lichnerowicz formula. 
Recall that the Bochner-Laplacian A^^ on Ep is defined by (11.211) . 
Let be the Riemannian scalar curvature of (TX, g^^). 
Let {wa} be an orthonormal frame of {T^^'^^X, g'^^). Set 

a,b 

(2.48) t{x) =^R^{Wa,Wa) , = ^R^{Wa,Wa) , 

a a 

c{R) = J2{R^ + 1 Tr[i?^'''"'^]) (e„ e,) c(ej c(e,) . 

a<b 

The Lichnerowicz formula Theorem 3.52] (cf. j2Sl Theorem 2.2]) for is 

(2.49) Dl = A^^ - 2pujd -PT + + c{R). 
Especially, as suppsj C \ <9V^o, from ()2.49j) . we get 

(2.50) {Dl8i,8i) = ||V^-Si]|i2-p((2a;, + r)si,si) + ((ir^ + c(i?))si,si). 
Since 81 E fi°'*(X, ® E)^, from (fTT!?!) . for any G fl, 

(2.51) V J^si = {Lk + /i^^(i^))si = ^^''(ir)si. 
From ^rn\i and (ITHT|l . there exist C,C' >0 such that 

(2.52) llV^^.illi. >Cj2\K'-^i\\l^ =CJ2\\^^''^{K,)8,\\1. 

> cpll/^killi^ - c'll^illi^ > cey\\84l. - c'\\8,\\l,. 

From ()2.47p - ()2.52p . for p large enough, 

(2.53) {CpS,8) > pi^l\\82\\l2 + Cp'^\\8i\\l2. 
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Thus there are C,C' > such that for p > 1, 

(2.54) Spec{Cp^D) C [Cp - C , oo[. 

At first as G TdV^^ for any j, thus L^^ preserves the Dirichlet boundary condition. 
We get for / G N, 

(2.55) LK^(j)p{Cp^D) = (j)p{Cp^D)LKj, {Cp^Dy4>p{jCp,D) = 0p(£p,d)(£p,d)'. 
Thus from ^71^ and (E3H|) . 

(2.56) Dl ,, < Cp^D, 

and for / G N, {Dp jjY commutes with the operator (pp^Cp^o)- 

Let (l)p{Cp^D){x,x') be the smooth kernel of (pp^Cp^o) with respect to dvx{x'). 

Then from the above argument we get that for any l,k E N, {D^^^y^D'^ ^,)^(f)p{Cp^j:i){x, x') 

verifies the Dirichlet boundary condition for x, x' respectively. 

By fl2.34j) and the elliptic estimate for Laplacian with Dirichlet boundary condition 

PI Theorem 5.1.3], there exists C > such that for s G H^"'+^{X,Ep) n H^{X,Ep), 

p G N, we have 

(2.57) ||s||H2m+2 < C( II -DpS II J72m + II S II //2m+l). 

Thus if Qi, Q2 are differential operators of order 2m, 2m' with compact support in f/j, 
Uj respectively, by (jTKTj) and ^H^i . as in ((2321), we get for s G '^o°°(Ko, ^p), 

m m' 

(2.58) \\Q,<Pp{Cp,D)Q2s\W < Cp'"^-^'"^' ^ UDlDy'M^P,D){DlDy's\\L^ 

ii=Oi2=o 

m m' 

< ^ II(^p,d)^Vp(^p,d)(/:p,d)^'^3||l- 

Jl=0j2=0 

From (E31l . as in (imjl . we get 

(2.59) ||Qi0p(i:p,D)Q2s||L2 < Gp-'||s|U2. 

By using Sobolev inequality as in the proof of Proposition 12. 6[ from ()2.3()|1 . ()2.46j) and 
flTK^ . we get Theorem EEU □ 

2.5. Induced operator on U/G. Let f/ be a G-neighborhood of P = /i~^(0) in X such 
that G acts freely on f/, the closure of U . We will use the notation as in Introduction 
and Sections ll . lUl .21 with X therein replaced by f/, especially B = U/G. 

Let 7c : U ^ B he the natural projection with fiber Y. Let TY be the sub-bundle of 
TU generated by the G-action, let (7^^, g^^ be the metrics on TY, TP induced by g^^ . 

Let T^U, T^P be the orthogonal complements of TY in TU, {TP,g^^). Let g^ ^ 
be the metric on T^U induced by g'^^ , and it induces naturally a Riemannian metric 
g^^ on B. 

Let dvB be the Riemannian volume form on {B,g^^). 

Recall that in (ir^ . we defined the isometry $ = /ittg : ('^°°([/, Ep)^, ( , )) ^ 
('^-(i?,Ep,B),(, )). 
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By fll.l4|) . fi^p defines a G-invariant section Jl^p of TY (g) End(£'p) on U. 
Remark tliat Ud, t, c{R) in ()2.48|) are G-invariant. We still denote by Ud, t, c{R) the 
induced sections on B. 

As a direct corollary of Theorem 1 1 . 31 and ()2.49|) . we get the following result, 

Proposition 2.7. As an operator on ^°°{B,Ep^B), 

(2.60) = 

= A^"-^ - {Jl^'p, li^')gTY - ^Aeh - 2pud - pr + ir^ + c{R). 

From Theorem lU.il Prop. 12.61 and ()2.45|) . modulo Pp{x,x') depends only the 

restriction of Cp on U. 

To get a complete picture on Pp{x, x'), we explain now that modulo Pp^(x, x') 

depends only on the restriction of on any neighborhood of Xq in B. 

As in the proof of Theorem 10.11 we will fix eo > small enough such that X2eo = 
/i~^(S0*(O, 2eo))c U, and the constant e > which will be fixed later, verifying that 
d^{x, y) > Ae for any x G X^^, y e X\U. Set B^^ = 7r(X,J. 

First we will extend all objects from a neighborhood of P to the total space of the 
normal bundle X of P in X. 

Let TTiv : X ^ P be the normal bundle of P in X. We identify X to the orthogonal 
complement of TP in {TX, g^^). Then G acts on X and the action extends naturally 
on 7r*N{L\p), 7t*n{E\p)- 

By fl2.5|l . we have an orthogonal decomposition of TX, 

(2.61) TX\p = T"P®TY\p®N, and TY\p ^ P x q, N = JTY\p ^ P x g. 

Denote by P"^^, P^^, P^^ the orthogonal projections from TX on TY, TP and N\p by 
this identification. 
From ()2.61|1 . we have 

(2.62) rX~7r^TX|p~7r^(TP©0). 

For e > 0, we denote by Pf = {{y,Z) e N,y e P, \Z\gTx < e}. 

Then for Eq small enough, the map {y, Z) E N ^ exp^(Z) G X is a diffeomorphism 
from P^i^ onto a tubular neighborhood IA2£q of P in X. 

From now on, we use the notation (?/, Z) instead of exp^(Z). We identify y E P with 
{y, 0) G X. From (jTKT]) . ^U^ . we may and we will identify TX to vr^TP © q. 

For Z G Ny, \Z\ < 2eo, we identify Lz,Ez to Ly,Ey by using parallel transport 
with respect to V'^, V'^ along the curve [0, 1] 3 u uZ. In this way, we identify the 
Hermitian bundles (vr^T|p, vr^/i^), (vr^P|p, T^^h^) to (L, h^), {E, h^) on P^^. 

Let e > with e < £0/2. Let : M [0, 1] be a smooth even function such that 

(2.63) ip{v) = 1 if \v\ < 2; ip{v) = if > 4. 

Lettpe-N-^N be the map defined by ^,{Z) = ip{\Z\/e)Z G Ny for Z G X^,. 

Let = g^fi^z)^ '^z = '^i'eiz) be the induced metric and almost-complex structure 
on X. 
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Let V^-^ = ^p*V^, then is the extension of on S^. 

Let V^^^ be the Hermitian connection on {ir^L, Ti'^h^) defined by that for Z G A^^, 

(2.64) V--^ = ^:V^ + (1 - vi^-f))Ri{Z, P^P.) + i(l - ^\\^))R^y{Z, P^--)- 
Then by using the identification ()2.6H) . and ()2.62|) . we calculate directly that its curvature 

(2.65) Rf' = rsR' + d{{l- ¥^(^))PJ(^, P^^-) + ^(1 - ^^(^))PJ(Z, P^--)) 
= Pi(^)(P^^-, P^'-) + Pj(P^--, ■) + ^'^Riiz) - Ri)iP''^; P^--) 

+ ^0-f)iRiiz)-R:;)iP''';P^'-) 

- ^'(?)^ A [Ri{Z,P^^.) - Ri,,,{Z,P^^.)] 

- (W')(?)^ A [P^^(Z,P^--) -^t(z)(^,^^^-)] 

+ ^.((1 - vi^-l^))RiiZ, P^^.) + i(l - ^^(M))p^^(z, P^-.)). 

Here G A^* is the dual of Z E N with respect to the metric . 

From (j2.65p . one deduces that R^n^ is positive in the sense of (j2.9p when e is small 
enough, with the corresponding constant uq for P'^^^ being larger than ^Uq. 

Note that G acts naturally on the normal bundle N, and under our identification, the 
G-actions on L, E on are exactly the G-actions on L\p, E\p on P. 

Now we define the G-actions on vr^L, vr^P by their G-actions on P, then they extend 
the G-actions on L, E on to N. 

By fl2.14p . the moment map fiN '■ N ^ q* of the G-action on N is defined by 

(2.66) -27r^i2N{K) = Lk - vg/', K e Q. 

Observe that ^s*K^y,z) = ^ ^^us from (EH), (EHU), and (jTHljl . 

(2.67) 27r^^;v(i^)(,,z) = (1 - ¥^(|^|/e))Pj(^, i^^) + 2nV^^^iK)^^^z) 

= RiiZ,K^) + ff{^'i\Z\/e)\Z\'). 

Thus yU^^(O) = /i~^(0) = P for e small enough, and for \Z\ > 4e, 

(2.68) 27rv^/i^(ir)(,,z) = R^iZ, K""). 
From now on, we fix e as above. 

Let P($£p$~^)(a;, x') (x, x' G Pe,,) be the smooth kernel of P($£p$~^) with respect 
to dvB{x'). We will also view F{^Cp^~^) as a G x G-invariant section of pr^Pp (g) pr2P* 
on X X,^. 

Theorem 2.8. For any Z,m G N, there exists Ci^m > such that for p > 1, x,x' G X^g, 

(2.69) |/i(a;)/i(x')Pp^(a;,x') -P($/:p$-')(7r(x),7r(a;'))h^™(x.„xx.„) < G.mP"'. 



BERGMAN KERNELS AND SYMPLECTIC REDUCTION 29 

Proof. Let be the Dirac operator on associated to the above data by the construc- 
tion in Section By the argument in [23 p. 656-657] and the proof of Theorem 12 .51 
we know that Theorems 12.21 still hold for . 

Let Cp be the operator on defined as in ()2.22|) . Then there exists C > such that 
for p > I, 

(2.70) Spec {C^) C {0} U [pu - C, +oo[. 

Let Pjf''^ be the orthogonal projection from fi°''(A^, 7r^(LP ® E)) on {KeiD^)^, then 
by ()2.70p and the arguments as in the proof of Theorem 12.61 for any /, m G N, V C a 
compact subset of A^, there exists Ci^m > such that for p > 1, x,x' E V, 

(2.71) \F{C^)ix,x') - Pp^'^(x,x')h^™(yxy) < Q,mp-'. 

Let Pjf/^ be the projection from {L\N/G, {A{T*^^'^^N) 7r*j^{LP ® E))n/g), { , )) onto 
Ker($£^$-i), and let P^^^{ z, z') be the smooth kernel of the operator P^^'^ with 
respect to dv^/ciz'). 

We still denote by pr^^, prg the projections from N x N onto the first and second factor 
A^. We will also view Pp^^{z, z') as a G x G-invariant section of 

prt(A(T*(°'i)Ar) ® 'k],{Lp ® E)) ® pr;(A(r*(°'i)Ar) ® 7r^(L^' ® E))* 

on N X N. 

As $ in (ll.2()|l defines an isometry from (Ker D^)"^ = Ker £^ onto Ker($£^ ^~^), one 
has 

(2.72) /i(a;)/i(x')Pp^'^(x,x') = Pj^/«(7r(x), 7r(x')). 

On N/ G, by the arguments as in the proof of Theorem 12. 6[ we get 

(2.73) |P($£,$-i)(z,/) - Pj^/^(z,^')h^'"(y/GxF/G) < Ci,^p-'. 
By the finite propagation speed ()2.45j) . we know that for x,x' G X^g, 

(2.74) FiC^)ix,x')=FiC,)ix,x'). 

Now we get from ^3^, pTT]l - (jT7^ . □ 

Let d^{-,-) be the Riemannian distance on B. 

By ()2.6()|1 and the finite propagation speed for solutions of hyperbolic equations [ini 
§7.8], 1211 §4.4], P($£p$"^)(x,x') only depends on the restriction of $£p<l>"^ to B^{x,e) 
and 

(2.75) P($£p$-^)(a;, x') = 0, if d^{x, x') > e. 

Thus we have localized our problem near Xq. 

Theorem 12 . 81 helps us to understand that the asymptotic of Pp{x, x') is local near Xq- 
In the rest, we will not use directly Theorem 12. 8t but the argument of its proof will be 
used in Section 12.61 
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2.6. Rescaling and a Taylor expansion of the operator $£p$ ^. Recall that Nq 
is the normal bundle of Xg in B, and we identify Nq as the orthogonal complement of 
TXg in {TB,g^^). 

Let P-^^<3, P^<3 be the orthogonal projection from TB on TXq, on Xq. 

Recall that \7^g ^o^'^^ g^^e connections on Nq, TB on Xq, and A is the associated 
second fundamental form defined in ()0.9|) . 

We fix xo G Xq. 

If W e T^o^c, let R3 t ^ xt = exp^G(^iy) ^ be the geodesic in Xq such that 
Xt\t=0 = Xq, ^\t=o = W. 

lfW& T^qXg, \W\ < e,V & Nr^g, let riyV G ^Gexp^c;{VF) natural parallel trans- 

port of V with respect to the connection V^'^ along the curve [0, 1] 3 t — > exp-^^(tW). 

IfZe T^,B, Z = Z'^ + Z^, e T^.Xg, Z^ e \Z^\,\Z^\ <e,we identify Z with 
exp^ x^^^^^{tzoZ-^). This identification is a diffeomorphism from B'^^^{0, e) x B^^^{0, e) 

into an open neighborhood %'{xo) of xq in B. We denote it by \E', and '^(xq) H Xg = 
i?J„^-(0,e)x{0}. 

From now on, we use indifferently the notation B^^^{0,e) x B!^^{0,e) or '^{xq), xq 
or 0, ■ ■ ■ . 

We identify {Lb)z, {Eb)z and {Ep^B)z to {Lb)xo, {Eb)xo and {Ep^B)xo by using parallel 
transport with respect to V^^, V^^ and V^^'^ along the curve 7^ : [0, 1] 9 n ^ uZ. 
Recall that T^U C TX is the horizontal bundle for it : U ^ B defined in Section ITHl 
Let P'^"^ be the orthogonal projection from TX onto T^U. 
For W e TB, let G T^?7 be the lift of W. 

For Ho G 71^"*^ (xo), we define the curve % : [0, 1] — > X to be the lift of the curve 7^ with 
7o = yo and ^ G T-'^?/. Then on 7r^^(_B-^'^(0, e)), we use the parallel transport with 
respect to V'^, and V^'' along the curve 'ju to trivialized the corresponding bundles. 
By fjl.l7|) . the previous trivialization is naturally induced by this one. 

Let {e°}, {ef} be orthonormal basis of T^^Xg, Ng^xq, then {cj} = {e°,ej-} is an 
orthonormal basis of TxgB. Let {e*} be its dual basis. We will also denote \E',,(e°), "^^{ef) 
by e°, ej-. Thus in our coordinate, 

(2 76) 9^od^ ± 



For e > small enough, we will extend the geometric objects on B'^^(xo,e) to 
^2n-no ^ j^^Q (here we identify (Zi,-- - , Z2„_„J G M^n-no to ^ . Z^.e, G Tx,B) such 
that Dp will become the restriction of a spin'^ Dirac operator on G x M^"""" associated 
to a Hermitian line bundle with positive curvature. In this way, we can replace X by 

G X M2n-no_ 

First of all, we denote by Lq, Eq the trivial bundles L\GyQ, E\Gyo on Xq = G x M^""*^", 
and we still denote by V^, V'^, etc. the connections and metrics on Lq, Eq on 
7r"^(i?-^=^o'^(0, 4£:)) induced by the above identification. Then h^, is identified with 
the constant metrics = h^^o h^o = f^Ey^ ^ 
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Set 

(2.77) = J2zt4 = ^° = $^^re- =^°, 7^ = + 7^° = z. 

j i 

Then TZ is the radial vector field on R^"""". 

Let ipe : Xq Xq be the map defined by ips{g,Z) = {g,{p{\Z\/e)Z) for {g,Z) G 

G X M2n-no_ 

Let g'^-^°{g,Z) = g'^^{ips{g, Z)), J^^g^Z) = J^ip^^g, Z)) be the metric and almost- 
complex structure on Xq. 

Let V^o = ip*V^, then V^" is the extension of on 7r"^(5^-o^(0, e)). 

Let V^" be the Hermitian connection on (Lq, /i^") on G x M^n-no (defined by for Z G 

m2n-no 



yo 



(2.78) = ^:V^ + (l - ^(f ))<(7^^,P,7■) + ^1 - 

As in (I2.fi5j) . its curvature is positive in the sense of fl2.9|l for e small enough, and 
the corresponding constant uq for is bigger than ^Uq uniformly for Uq G P. 
From now on, we fix e as above. 

Now G acts naturally on Xq, and under our identification, the G-action on L, E on 
G X 5^-0^(0 , e) is exactly the G-action on Llcy^^, Elcy,^. 

We define a G-action on Lq, Eq by its G-action on Gyo, then it extends the G-action 
on L, E on G X 5^-0^(0, e) to Xq. 

By flTTHl) . for any G 0, G TP on P = /i-^O), we have 

P^(iy,is:^) = -2nV^uj{W,K^) = 2TTV^W{fi{K)) = 0, 

^^■^^^ Pfl,^o)(7^^,i^^) = Pf,,^o)((7^^)^,ir^). 

Observe that for (1, Z) G G x R2"-"o^ ^e*Kf^°z) = for K G g, by (EZEl, the 
moment map /ixo • -^o ~^ Q* of the G-action on Xq is given by 

(2.80) 27rv^/iXo(i^)(i,z) = (1 - ^(^))P^,(7^^, i^,^) + 27rv^^(ir)^_.(i,z). 



yo ' yo ^ 

Now from the choice of our coordinate, we know that fixo = on G x ]]j2r!,-2no ^ |g|_ 
Moreover, 

(2.81) 2nV^f^{KU,^z) = i?fi,z)(v'(?)(^^)'', K^) + ^{vC-j^)\Z\\Z^\). 
From our construction, ()2.80|) and ()2.8H) . we know that 

(2.82) fixliO) = G X m2"-2"o X {0}. 
By and dTTp . for Z G T^^P, |Z| > 4e, 

(2.83) 27rv^/.Xo(^)(i,z) = P^„((7^^)^, i^5^ 



yovv ^ ' yo''' 

Let be the Dirac operator on Xq associated to the above data by the construction 
in Section As in (jTTDl), the analogue of Theorems IT^ ITHl still holds for P^«. 

Let g^^° be the metric on Bq = R^n-no in^luced by g'^^°, and let dvBo be the Rie- 
mannian volume form on {Bq, g^^°). 

The operator $£^0$"^ is also well-defined on T^^P 2i R2"-"o. 
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Let be the orthogonal projection from ^^(M^n-no^ (A(T*(°'i)Xo) ® ® ^o)bo) 
onto Ker($£^o$-i) on M^n-no^ P,^^p(Z, Z') (Z, Z' G RSn-no) ^e the smooth kernel 
of Pxo,p with respect to dvBo{Z'). As before, we view Pxo,p as a G x G-invariant section 
of 

pr*(A(T*(°'i)Xo) ® ® ^o) ® pr;(A(T*(°'i)Xo) ® L^J ® ^o)* 

on Xo X Xq. 

Let P(^p be the orthogonal projection from f2°'*(Xo, Lq® i?o) onto (Ker D^")*^, and let 
P(^p(x, x') be the smooth kernel of Pq^ with respect to the volume form dvxo{^')- 

Note that $ in ()1.2()|1 defines an isometry from (Ker -0^°)'^ = Ker onto Ker($£^o$"^) , 
as in p.72|l . we get 

(2.84) /i(x)/i(a;')Po':p(a;, a;') = Pxo,p(^(a;), 7r(x')). 

Proposition 2.9. For any Z, m G N, there exists Ci^m > such that for x,x' E G x 



(2.85) {P,l-P^){x,x') 

Proof. By the analogue of Theorems 12.21 we know that for x,x' E G x B'^''o^{0,e), 
P(g, - F{C}°) verifies also ^i^, and for x,a;' G G x 5^-0^(0,5), 

F{Ci'){x,x')=F{Cp)ix,x') 
by finite propagation speed. Thus we get ()2.85p . □ 

Let T*^'^'^^Xo be the anti-holomorphic cotangent bundle of (Xq, Jq)- Since Jo{g, Z) = 
J{(Pe{9, Z)), T*j5;^^Xo is naturally identified with T*!°^^^)^^^o- 

Let V^^''^^" be the Clifford connection on A(T*(°'^)Xo) induced by the Levi-Civita con- 
nection V^^° on [Xq, g'^^°). Let R^°,R'^^'^', R'-^^^^o i^q ^]^q corresponding curvatures on 
E-cTXo and A(T*(o.i)Xo) (cf. (^J^). 

We identify A(r*(0'i)Xo)(g,z) with A(r*^^J)^^X) by identifying first A(r*(o.i)Xo)(g,z) with 
A(T*^°^^^^ jXq), which in turn is identified with A{TQy^^^ X) by using parallel transport 
along u — s> ULps{g, Z) with respect to V*"^'''^°. We also trivialize A(T**^°'-'^^Xo) in this way. 

Let Sl be a G-invariant unit section of L\cyo- Using Sl and the above discussion, we 
get an isometry 

A(T*(°'i)Xo) ® ® ~ (A(r*(°'i)X) ® ^)U-i(.o) = EU-i(,„). 

For any 1 < i < 2n — no, let ei{Z) be the parallel transport of with respect to the 
connection ^V^'^ along [0, 1] 3 u ^ uZ^, and with respect to the connection V^'^ along 
[1,2] Z^ + {u-\)Z^. 

If a = («!, ■ ■ ■ , a2n-no) IS & multi-indcx, set Z'" = ■ ■ ■ Z^^S^^ ■ 

Recall that A, TZ^ have been defined in (JHH), (ITTTjl . 

The following Lemma extends Prop. 1.28] (cf. also fZJ Lemma 4.5]). 

Lemma 2.10. The Taylor expansion ofei{Z) with respect to the basis {ci} to order r is 
a polynomial of the Taylor expansion of the curvature coefficients of R^^ to order r — 2 
and A to order r — 1. 
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Proof. Let di = Ve^ be the partial derivatives along Cj. 

Let F"^^ be the connection form of V"^^ with respect to the frame {cj} of TB. By the 
definition of our fixed frame, we have i'ji±r'^^ = 0. As in fT, (1.12)], 

(2.86) ^.7^x^^^ = [^Tex, rf]r^^ = in^dT^'' + F^^ A F^^) = i^^R^''. 
Let e{Z) = {9i{Z))fpl° be the {2n - uq) x {2n - rao)-matrix such that 

(2.87) e. = J2(^iiZ)eAZ), e,{Z) = {QiZ^f^e,. 

j 

Set e^{Z) = Y.A{Z)e' and 

(2.88) e = ^e^ ®ej = Y^ 6% G T*B ® TB. 

j j 

As V™ is torsion free, V^^O = 0. Thus the M^n-no.^^i^g^j one-form 6 = {e^{Z)) 
satisfies the structure equation, 

(2.89) de + T^^ Ae = 0. 
By the same proof of [T", Prop. 1.27], we have 

(2.90) n^ = Y^Zj-efiZ), i^.Q = Y,Zfe^ = Z\ 

Here under our trivialization by {ej}, we consider Z^ = (0, Z^, ■ ■ ■ , Z^^) as a R^""""- 
valued function. 

Substituting ^HK^ and (L^^x - 1)Z^ = into the identity in^idO + F^^ A 6*) = 0, we 
obtain 

(2.91) (L^x - l)L^x^^ = (L^x - l)idZ^ + T'^^Z^) = (L^xF^^)Z^ = (*^x/?^^)Z^. 

Here we consider R^^ as a matrix of 2-forms, so that R^^Z^ is a vector of 2-forms, and 
6^ is a ]R^"~"o-valued 1-form. 
By pmil and we get 

(2.92) z,^.(L^x - 1)Lt^^9\Z) = (i^^^(7^^, e,)7^^, e,> (Z). 

We will denote by d^, 9° the partial derivatives along Nq, TXq respectively. Then 
we have the following Taylor expansions of ()2.92|) : for j G {2{n — tiq) + 1, ■ ■ ■ , 2ra — rio}, 
i.e. Cj G Ng, by Ln±e^ = , we have 

(2.93) + l«^l)((^^)""^;-)(^°)^^x^ = (i^^^(7^^e,)7^^e.> (Z). 

|a-L|>l 

and for j G {1, ■ ■ ■ , 2{n — uq)}, i.e. ej G TXq, by Ln±e^ = 0, we have 

(2.94) 5^ (|a^r - l«^l)((5^)""^})(^°)^^xr = (^^""(^^ e,)7^^e.> (Z). 

|o-L|>l 

From ()2.93p . ()2.94p . we still need to obtain the Taylor expansions for 9j{Z^), (1 < 
i,j <2n- no) and (9^^i)(Z0), (1 < j < 2{n - uq)). 
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By our construction, we know that for i oi j E {2{n — %) + 1, ■ ■ ■ , 2n — no}, 

(2.95) ei{Z') = ei{Z'), 9){Z') = 5,,. 

By P (1.21)] (cf. da (4.35)]), we know that on M2n-2nox{0}, for i,j G {I,-- - ,2(n- 
^o)}, 

^2-96) ^ (|«0|2 ^ |aO|)((a°)"°^i)(0)^ = (i^^^-(7^^ e,)7^^ e.) {Z% 

|a°l>l 

while by (JHS), (EHZ|), and [e^, e^^] = 0, we get 

(2.97) {die)){Z') = e^(e°,i°)(Z°) = (Vri^e°,i°)(Z°) 

= (VS^e^,?°)(Z°) = -(VS^i«,e^)(Z°) = -(A(e;)i°,e^)(Z°). 
Let /^A^G be the curvatures of V^^^^ y^^. By (JUS)), 

(2.98) + i?^^ + ^2 + Oy^-^A = R^^\xg e A^(rXG) End(TS). 

For 1 < j < 2(n — no), 2(n — no) + 1 < i < 2n — no, i' = i — 2(n — no), by [e^, e°] = 0, 
as in (|2.97p . we get 

(2.99) {die]){Z') = e^(e;,e^)(Z°) = (V^^e^, e^)(Z°) = {Vfei,ej){Z'). 

By P Prop. 1.18] (cf. (jnni) and (EH, the Taylor expansion of ((9^^;.)(Z0) at to 
order r only determines by those of R^^ to order r — 1. 

Now by ()2.87|) . ()2.93|) - ()2.99|) determine the Taylor expansion of 6'](Z) to order m in 
terms of the Taylor expansion of the curvature coefficients of iV"^ to order ni — 2 and A 
to order m — 1. 

By (ITHTfl . we get Lemma CTH □ 

Let (if^B be the Riemannian volume form on {T^^B, g^^). 

Let K,{Z) [Z G M2"-~"'0) be the smooth positive function defined by the equation 

(2.100) dvB,{Z) = K{Z)dVTBiZ), 

with k{0) = 1. 

For s G ^°°(M2"-"o^ e^.j and Z G M^n-^o^ for t = ^, set 

(5ts)(Z) = s(Z/t), Vt = S^H^^^V^^-^o^-hs,, 

As in (HHHI), we denote by R^^ ^ jiEb ^ jiCHSb ^j^g curvatures on Lb,Eb, A(T*(°'^)X)b 
induced by V^, V^,V'^"^ on X. 

As in dnH), /I G TY, Jl^ G TF (g)End(E), /I^™ G TF ® End(A(T*(°'i)X)) are sections 
induced by in flTT^ . ((2211). 

Denote by Vy the ordinary differentiation operator on T^^B in the direction V. 

Denote by {d^^R^^)^^ the tensor (a"i?^s)^o(ei, e^) := (9"(i?^s(ei, ej))^^. 
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Theorem 2.11. There exist Aij^r ( resp. Bi^r, Cr) ^ ^ {1? ■ ■ ■ ? 2n — ng}) 

polynomials in Z , and Aij^r is a monomial in Z with degree r, the degree on Z of Bi-r 
{resp. Cr) has the same parity with r — 1 {resp. r), with the following properties: 

- the coefficients of Aij^r o'^e polynomials in R^^ {resp. A) and their derivatives at 
Xo to order r — 2 {resp. r — 1); 

- the coefficients of Bi>r are polynomials in R^^ , A, R'^^^^^ , R^^ , {resp. R^^) and 
their derivatives at xq to order r — 1 {resp. r); 

- the coefficients of Cr are polynomials in R^^ , A, R'^^^^'^ , R^^ , Jl^ , Jl'^^^^ {resp. , 
Tr[i?"^'^'°'"^], R^ ; resp. h, R^ , R^^ ; resp. /i) and their derivatives at Xq to order r — 1 
{resp. r — 2; resp. r; resp. r + 1). 

- if we denote by 



'■J 

2n— no 



[2 102) ^n~no 

i=i 
then 

m 

(2.103) = -^2+Y^ t'Or + ^(t™+'). 

r=l 

Moreover, there exists m' G N such that for any k ^ N, t < 1, \tZ\ < e, the derivatives of 
order < k of the coefficients of the operator ff{t"^~^^) are dominated by Ct'^~^^{l + |Z|)™'. 

Proof Let T^^^ pis ^nd r^''^^ the connection forms of V^^, V^^ and V^"^^ with re- 
spect to any fixed frames for Eb, Lb and A{T*^^'^^ X) b which are parahel along the curve 
7„ : [0,1] 3 u ^ uZ under our triviahzation on S'^-o^(0, e). Then T^b jg End(C'^™-^)- 
valued 1-form on M^n-no jg i-form on M^^-no^ 

Now for r* = r^s,r^s or r^^'^^s and R' = R^^ j^Lb _RCiiffs respectively, by the 
definition of our fixed frame and jU Proposition 1.18] (cf. also |E1 (4-45)]), the Taylor 
coefficients of r*{ej){Z) at xq to order r only determines by those of R' to order r — 1, 
and 

(2.104) E(^"r-),,(e,)^ = ^ Yl id'-R'UiT^^e,)^. 

\a\=r |a|=r— 1 

Especially, 

(2.105) ^^(e,) = ^i^:„(7^,e,) + ^(|Z|2). 
By dnnH), for t = 1/^, if \Z\ < ^e, then 

(2.106) Vt = K5(tz)(^v + (tr^™^ +tr^s + jT^B^{tz)^K-^tz). 

Moreover, set 

(2.107) (Vr>,)(Z) = 4(Z)e,, g,,{Z) = g^^ {e,,e,){Z) = e^,e]{Z), 
then r^- is the connection form of V"'"'^ with respect to the frame {cj}. 
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Let ((7'-') be the inverse matrix of (gij), then 



(2.108) A^-- = _^^^.(^vj--v^-- -rJVg''- 



) 



and by (HD), ^Um . 

KiZ) = idetg,,y/\Z), 

(2.109) 1 

r-,- = ^g'^'idigji + djgu-dig,,). 



By dZSOD, mm and dnDHD, 

(2.110) ^^(Z) = -g^^itZ)iVt,eyt,e,-tT^,itZ)Vt,eJ - {tJl''^,tJl^^)gTY{tZ) 



By (EHI), 

(2.111) {tli^-,tJl''-)gTY = -47r2|l/I|2 + (47r yZipr + jt2^~cuff^~E^^ -Cliff 
By (1231), ()2.15|) . and /Xyg = 0, for yo G P, 7r(?/o) = a;o, we get for Keg, 



(2.113) |/I|Jt.(Z) = |V^^/I|Jt. + ^(|Zn = |P^^J.,7^|2 + ^(|Z|3). 

By Lemma imH dTTUij) . (ITTTTH) and (jTIIl, we know that ifs* has the 

expansion ()2.103|) . in particular, we get the formula ()2.102|) . 
By fimH|l . (12.10411 and (12.1 1011 . we get the properties on A,i,r, -6^,^. 
By dOHl), (12.11011 and (12.11111 . we get the properties on Cr- 

The proof of Theorem 12.111 is complete. □ 

2.7. Uniform estimate on the G-invariant Bergman kernel. Recall that the op- 
erators were defined in (I2.1()lj) . and Eq = A{T*^^^^^Xq) ® Eq. We have trivialized 
the bundle Eq^Bo to Eb^xq in Section ITBl We still denote by /i^^'-^o the metric on the 
trivial bundle Eb,xo on M^n-no jn^iuced by the corresponding metric on Eo,_Bo- Note that 
fi^o.Bo jg j^Q^ constant metric on M^"""'^. 

We also denote by ( , )qj^2 and || ||o,l2 the scalar product and the norm on 
'^'^{TxoB,Eb,xo) induced hj g'^-o^ , h^^'^o as in dTTTIID . 

Let JiXo^V'^^'^ be the G- invariant sections of TY , TY ® End(i?o,p) on Xq induced by 
/ixo, yu^"'" as in (imjl . 

Let {/;} be a G-invariant orthonormal frame of on Ti~^{B^{xQ,e)), then {fo^i)z = 
{fi)ips{z) is a G-invariant orthonormal frame of TYq on Xq. 

Definition 2.12. Set 




(2.112) 




thus 



(2.114) 



'Dt = {Vt,e^, 1 < i < 2n - no; -(/ixo, fo,i){tZ), 1 < j < no}- 
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For k G N*, let "Df be the family of operators acting on .j.^) which can be 

written in the form Q = Qi - ■ ■ Qk, Qi ^ l^t- 

For s e ^°°(T,„5,Eb,,J, k>l, set 



(2.115) k 

\\4lk = \\4lo + J2Yl \\Q4tfi 



2 

t,o- 



We denote by {s', s)^ ^ the inner product on Eb,xo) corresponding to || 

Let HJ^ be the Sobolev space of order m with norm || \\t^m- Let H^^ be the Sobolev 
space of order —1 and let || \\t-i be the norm on Hf^ defined by = supg-^^/gji^i 

l(^,A,ol/ll'^'llt,i- 

If A G ^{HY'.Hf) {m,m' G Z), we denote by the norm of A with respect 

to the norms || \\t,m and || \\t^rn'- 

Then is a formally self-adjoint elliptic operator with respect to || ||^q, and is a 
smooth family of operators with respect to the parameter xq G Xq- 

Theorem 2.13. There exist constants Ci, (72,6*3 > such that for t g]0, 1] and any 
s,s'gCo-(M2"-"o,Eb,.o), 



{^2^, s) > Ci\\s\\f -^ - C2||s||jQ, 

2.116 \ , ; 

\{^^s,s')^J<C,\\s\U^i\\s'\' 



t,i- 



Proof. By fl2.83p and our construction for Lq, Eq on Xq, we know for Z G T^^B, \Z\ > Ae, 

(2.117) ^^'''>HKh,z)=pK,m^f,K^J. 
Thus from ^nW^ and (jTTTH|l . 

(2.118) {^^s,s)^^^ = \\Vts\\l,-t' {{li^^-,li^^-)gTy{tZ)s,s)^^ 

+ ^ (^-2S;'uj, - S^'r + t'S^'ilr'' + c{R) - l^Boh)^ 3, ^ . 

From dTHOl), (|2.111|) . (|2.117|) . and our construction on V^o, 

(2.119) -t2((/I^°-,/I^o-),T.(i^)^,4,o >27r2 5^||-(/Ix„,/o,,)(tZ). ^ -C^tp||?,o- 

From (ITTTH|) and (ITTTn|) . we get (ITTT!)1) . □ 
Recall that is the constant in ()2.23|) . 

Let 6 be the counterclockwise oriented circle in C of center and radius u/A, and let 
A be the oriented path in C which goes parallel to the real axis from +oo + i to | + i 
then parallel to the imaginary axis to | — i and the parallel to the real axis to +oo — i. 
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Theorem 2.14. There exist to > 0, C > such that for t G]0,to], A G 5 U A and 

of 
2 , 

\\{\-^^)-'t'<c, 



Xq G Xg, (A — ^2*) ^ exzsfo and 



(2.120) 



||(A-^*)-'llr'''<C^(l + |Ap). 



Proo/. By flT^ . dTHHl) for and (EMI), there exists to > such that for t G]0,to], 

(2.121) Spec (^2*) C {0} U [z/,+oo[. 

Thus (A - ^2*)"^ exists for A G 5 U A. 

The first inequahty of (j2.12()jl is from (I2.121|) . 

By (ITTTT)|l . for Ao G M, Aq < -2^2, (Aq - ^^Y^ exists, and we have ||(Ao 

't\-i\\- 

2) \\t - Ci' 



=:^o*)-Ml7''' < 7^. Now 



(2.122) (A 



(Ao — -^2*) ^ ^ (A — Ao)(A — =Sf2 ) ^(Aq — =S^2 



Thus for A G 5 U A, from (12.1 2211 . we get 

(2.123) ||(A - ^^)-%'^' < 7^(l + -|A - Ac 



Now we change the last two factors in ()2.122p . and apply ()2.123p . we get 
(2.124) II (A 



*-^n-'^<^ + ^^ri + l|A-Ao| 

V 



The proof of our Theorem is complete. 



□ 



Proposition 2.15. Take m G N*. There exists Cm > such that for t g]0,1], 
Qi, ■ ■ ■ , e A U{Z,}2^-"° and s, s' G ^o°°(^'"""°, Es. 



(2.125) 



^ Cmll-slkllls'llt.l- 



<[Ql,[Q2,...,[Qn^,^2*]]•••]^,^'>^,0 

Proo/. Note that [Vt,e,,Zj] = 6ij. By (12.11 Oj) . we know that [Zj,^^] verifies ()2.125jl . 

Recall that by p.80|) and p.83|l . (VeiiJ^Xo: fo,i))(tZ) is uniformly bounded with its 
derivatives for t G [0, 1] and 

(2.126) Ve,(/Ixo,/o,/) = (eiiJlxo, fo,l))xo = ^{fo,h(^i)xo 

for |Z| > Ae. Thus [i(p?Xo, /o,/)(i^), =^2] also verifies (jTT^ . 
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Note that by (imTTl) . 
(2.127) [Vt,e,, Vt,e,] = (i?^°'^o(tZ) +t2i?Eo,so(i^)) 

Thus from (j2.11()|l . (j2.12ei|l and (12.1 2711 . we know that [Vt,e,,=S^2] has the same structure 
as for ^ ^JO) 1]) [^t,efc)-^2] has the type as 



(2.128) ^ ai,(t, tZ)Vt,e.Vt,e, + Q(t, tZ)Vt,e, 

+ 5^ [cKt,t^)^(/Ixo,/o,i)(t^) + a|^/^Xol'T.(tZ)] +c(t,tZ), 

where a G C; aij(t, Z), Ci(t, Z), c^(t, Z), c(t, Z) and their derivatives on Z are uniformly 
bounded for Z G ]R^"~'^°,t G [0,1]; moreover, they are polynomials in t. In fact, for 

[Vi,e„=^2*],« = 0in(in2i. 
Let (Vt^eJ* be the adjoint of V t,ei with respect to ( , )jq, then by ()2.115|) . 

(2.129) (Vt,eJ* = -Vt,e. - tik-'Ve^)itZ), 

the last term of (j2.129|) and its derivatives in Z are uniformly bounded in Z E M^*^""", t G 
[0,1]. 

By flZT^ and (IZT^ . (ITnHD is verified for m = 1. 

By iteration, we know that [Qi, [Q2, ■ ■ ■ , [Qm, -^2]] ■ ■ ■] has the same structure ()2.128j) 
as By (j2T29|l . we get Proposition EH □ 

Theorem 2.16. For any t G]0,to]; A G 5 U A, m G N, the resolvent (A — ^2)^^ maps 
Hp into Moreover for any a G Z^"-"^ t/iere exzs^ N eN, Ca,m > swc/i that 

forte]0,to], \e6UA,se ^o°"(M2"-"o,Eb,..o), 

(2.130) ||Z"(A - < Ca,-(1 + \MY Yl 

a'<a 

Proof. For Qi, ■ ■ ■ , G "Dt, Qm+i, ■ ■ ■ , Qm+\a\ e {^i}-"r"°' we can express Qi ■ ■ ■ 
Qm+|a|(A =^^*) as a linear combination of operators of the type 

(2.131) [Qi, [Q2, . . . Um', (A - ^2*)"']] • • ^Qm'+l ■ --Qm+H, Tu' < TU + |«|. 

Let be the family of operators 

^t = {[Q.i,[Q..,---[Q.M -^2]] •••]}• 

Clearly, any commutator [Qi, [Q21 ■ ■ ■ [Qm'i (A — -^2)^^]] • • •] is a hnear combination of 
operators of the form 

(2.132) (A - ^2*)"^^i(A - ^2Y^R2 ■■■Rm\X- =^2)"^ 

with -Ri, ■ ■ ■ ,Rm' G ^t- 

By Proposition 12. 15( the norm || of the operators Rj G is uniformly bound 

by a 



By Theorem 12. 14^ we find that there exist C > 0, G N such that the norm 



,0,1 
\t 



of operators (|2.132j) is dominated byC(l + |An^. □ 
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Let ttb '■ TB x ^ TB ^ B he the natural projection from the fiberwise product of TB 
on B. 

Let e~"^2 (^Z, Z'), {^2^~'^-^^){Z, Z') be the smooth kernels of the operators e~"-^2, 
^tQ-uJ^2 with respect to dvT^^B^Z') . 

Note that ^2 families of differential operators with coefficients in 'EwdiYjB^xo) = 
End(A(T*(0'i)X) O E)b,xo- Thus we can view e'^-^^ (Z, Z'), {^^e-''^^){Z, Z') as smooth 
sections of 7r^(End(A(T*(0'i)X) ® E)b) on TBxb TB. 

Let V^"'^^^^) be the connection on End(A(T*(°'i)X) OE)^ induced by V^™^ and V^^. 
And V^"*^*-^^-*, and g^-^ induce naturally a ^™-norm for the parameter xq E Xq. 

As in Introduction, for Z G T^^B, we will write Z = Z^ + Z-^, with Z° G Tj^Xg, 

Theorem 2.17. There exists C" > such that for any m,m' ,m" ,r G N, Mq > 0, there 
exists C > such that for t g]0, to], u > Uq, Z, Z' G T^^B, 

dH+\»'\ gr 



sup (1 + |Z^| + IZ'^I)"' 

\a\+\a'\<m 



dZ'^dZ"^' dV 



^-uS£l ( Z Z'\ 



(2.133) 



< C(l + |Z°| + |Z'°|)2("+'^+-'+i)+-exp 

^|a|+|a'| 



1 2C" , ^ ^ 
-vu \Z — Z 

2 u ' 



/|2 



sup {i + \z^\ + \z'^\r' 

|ci|+|a'|<m 



< Cil + |Z°| + |z'°|)2("+^+-'+i)+-exp - 



■r™'(XG) 



2C" 



/|2 



norm for the parameter Xq G Xg- 
Proof By (IZnT|l . for any k eW, 

(2.134) 



2Tiiu'^ ^ 

{-lf-\k-l)\ 



5UA 



2TTiu^ 



A(A - ^2*)"^ - (A - ^5 



t\-k+l 



d\. 



From Theorem 12.161 we deduce that if Q G Uj^^Pj, there are X G N, Cm > such 
that for any A G 5 U A, 



(2.135) 



mX-^^Y'^C <Cm{l + \\\ 



2\N 



Recall that is self-adjoint with respect to || \\tfl. After taking the adjoint of ()2.135|) . 

we get 



(2.136) 



||(A-if2*)"'"Qlir<a.(l + |A 



\2\N 



From (jnSI, (PTTTrnjl and (pTTT^ . we get if Q, Q' G Uj^iD.' 



t5 



||Q(^2*e-"^^*)Q'lir<C^me- 



(2.137) 
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Let I |m be the usual Sobolev norm on ^°°(M^" "■'■\Fjb,xo) induced by 
/^(A(T*(o.i)x)®i?)s,.o and the volume form dvr^^BiZ) as in (jTTTHI) . 

Observe that by ^IJU^ . (j2.115|l . there exists C > such that for s G 'rf'^iT^.B, Eb,xo] 
supp(s) C i?^"o'S(o,g), m > 0, 



(2.138) 



-(1 + q)-n\skm < \s\m < C{1 + qr\\4t,m. 



Now (I2.i;-i7jl . (j2.1H8|) together with Sobolev's inequalities imply that if Q, Q' G Uj!ii© 
for /C„(^2) = e'^'^^e'^-^a or e^'"'=^2<3~'"^2', we have 

(2.139) sup \QzQ'z>lC^{^^){Z,Z')\<C{l + qf^+\ 

\Zl\Z'\<q 

By flTHnjl . and (EH, 



(2.140) 



"0,1 2 1 

E -(/Ixo,/o,/)(t^) = hJixSMtZ) >C\Z 



1=1 



Thus by ([21103), (EUSHl), (EHOI), we derive with the exponentials e^^", e's' 

for the case when r = m' = and C" = 0, i.e. 



(2.141) 



r± i\m'' 



sup {1 + \Z^\ + \Z'^\) 

|a|+|a'|<m 

< C{1 + \z^\ + 



^/0|^2n+r?i+2 



To obtain p.l33j) in general, we proceed as in the proof of [4, Theorem 11.14]. 
Note that the function / is defined in (I2.28|) . For g > I, put 

{ivV2ua) exp( ) I 1 — j[-v2uv) 1 ■ 



(2.142) 



exp( 



' V27r 



2 v Q 

Then there exist C", Ci > such that for any c > 0, m, m' G N, there is C > such that 
for u > Mo, a G C, |Im(a)| < c, we have 

(2 143) r^("i')/'„M ^ / /^'„2„, ^1 „2 



|ar|i^("5')(a)| < Cexp f CVu - —g' 



For any c > 0, let be the images of {A G C, |Im(A)| < c} by the map A A^. Then 

K = {A G C, Re(A) > -^lm{Xy - c^}, 

4c^ 

and (5 U A C 14 for c large enough. 

Let p be the holomorphic function such that Ku,g{a'^) = Ku^g{a). 
By dniSD, for A G K, 

(2.144) I Mm, ;>('m'-|/^^, 2 C*! 



|Anir(:^;)(A)| <Cexp (^C'c^-^f?^). 



Using finite propagation speed of solutions of hyperbolic equations and ()2.142|) . we 
find that there exists a fixed constant (which depends on e) c' > such that 

(2.145) ku,,{^i)iZ, Z') = e-^'^^Z, Z') if \Z - Z'\ > c' g. 
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By ()2.144|1 . we see that given k eN, there is a unique holomorphic function ^^'^^^.^^(A) 
defined on a neighborhood of such that it verifies the same estimates as K^^g in fj2.144|) 

and Ku,g,kW — as A ^ +00; moreover 



(2.146) 

Thus as in (jTISl, 



^^.^(A)/(^-l)! = i^n,,(A). 



(2.147) 



2m 



SUA 



^^K^,,{^^) = — I Ku,,,k{\) A(A-^2T'-(A-^2 



i\-fe+l 



d\. 



^ By dnSHD^ (ITT!¥)|1 and by proceeding as in (|nSZ|)-(EIISni), we find that for K„(a) 
Ku^g{a) or aKu^f,{a), for |Z|, \Z'\ < q, 



(2.148) sup {1 + \Z^\ + |^'^|)2n+-W+2 
|Q| + |o'|<m 



dZ'^dZ"^ 



< C{1 + g)2"+^+™exp(C"c2M - '^g'). 

u 



Setting Q e W, \Q-h\Z-Z'\ \ < 1 in ((21111, we get for a, a' verifying |a;| + \a'\ < m, 



(2.149) (1 + |Z^| + |Z'^|)™' 



;,K„(^2*)(Z,Z') 



< C(l + + |Z'°|)2"+-+2exp(CVM - -^\Z - 



Take 5i = from (imUl ^^x (EHi'"'^ and we get (ITC!?!^ for r 

m' = 0. 

To get (I2.i;-i;-il) for r > 1, note that from (I2.i;-i4|l . for A; > 1 



(2.150) 



_ (-l)^-^(A:-l)! 



e - — (A-^2)~ 



<5UA 



We have the similar equation for ^(^Sfg^e ""^2). 
Set 



(2.151) 4,, = |(k,r) = (fc,,ri)|^fc, = A; + j,J]ri = r, fci,r, eN*|. 

i=0 i=l 



Then there exist a!!^ G M such that 



A^ix, t) = (A - ^^r'^^^ix - ^^r'^ . . . ^(A - ^*) 



(2.152) 



r 



(k,r)G/fc,r 
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We claim that A^(A, t) is well defined and for any m E N, k > 2(m + r + 1), Q,Q' E 
U^^Vl there exist C >0, N eN such that for A G 5 U A, 

(2.153) \\QA^iX,t)Q's\\t,o < C(l + |A|)^ Yl W^^^tfi- 

In fact, by ^TTT^ . is a combination of ^L^g^^^tZ)), (f|Vi,eJ, ^(g(tZ )), 

^^(t(/i^°'P, fo^i{tZ))), where q runs over the functions , etc., appearing in (j2.11(J|) . 

Now f^(g(tZ)) (resp. §^ (t(/I^o-, /o,/)(tZ)), §^Vt,eJ > 1) are functions of the 
type as q'{tZ)Z^, \f3\ < ri (resp. ri + 1) (where g', as q, runs over the functions , 
etc., appearing in (j2.11(J|) ). with q'{Z) and its derivatives on Z being bounded smooth 
functions on Z. 

Let be the family of operators of the type 

■^t — {[fjiQji^ [fj2Qj2^ ■ ■ ■ [fjiQjn =^2]] • • •]} 

with fj^ smooth bounded (with its derivatives) functions and Qj^ G U 

Now for the operator A^{X,t)Q' , we will move first all the term Z^ in d'{tZ)Z^ as 

above to the right hand side of this operator, to do so, we always use the commutator 

trick, i.e., each time, we consider only the commutation for Z,, not for Z^ with |/?| > 1. 
Then A^{X,t)Q' is as the form ^|^|<2r -^^Q/s-^'^; Q'p obtained from Q' and its 

commutation with Z^ . 

Now we move all the terms Vt^e,, (7/^, fo,i){tZ) in to the right hand side of the 

operator L^. 

Then as in the proof of Theorem 12. 16^ we get finally that QA^[X,t)Q' is as the form 
S£^pZ^ where =SfJ is a linear combination of operators of the form 

(2.154) Q(A - Sf^)-^oR^{X - ^i)~^'^R2 ■■■Rv{X~ ^^Y^'^' Q'" Q" , 

with ■ • ■ ,Rv G Q'" G vSjL^Dl Q" G U^^P^, \(3\ < 2r, and Q" is obtained from 
Q' and its commutation with Z^. 

By the argument as in ()2.135p and ()2.136|) . as k > 2(m + r + 1), we can split the above 
operator to two parts 

Q(A - ^2*)"^°^i(A - ^2)~'"''R2 ■ --RiiX - ^2Y^'^\ 
(A - if2*)-('^^-'=") ■■■Rv{X- ^2*)"''''Q"'Q", 

and the || ||°'°-norm of each part is bounded by C(l + |Ap)^. 
Thus the proof of ()2.153p is complete. 

By dnSHD, (I^^TH^ and (ITTHH|l . we get the similar estimate (jnHD, for 
^e~"^2^ ^(^_^2*e~"^2) with the exponential 2n + m + 2r + 2 instead of 2n + m + 2 
therein. 

Thus we get (IZT!?H|l for m! = 0. 
Finally, for U G TXq a vector on Xq, 

(2.155) ^-J^-^i^B)^-uyi ^ {-lY-\k-l)\ r ^_.,^.*End(E,)^^ _ ^tyk^^_ 

271111 JsuA 
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Now, by using the similar formula ()2.152|1 for ^"'^'■^^^(A — =^2*) by replacing ^^^^ 
by End{Es)^^t^ remark that End{Es)^^t ^ differential operator on T^^B with 
the same structure as 

Then by the above argument, we get ()2.133p for m' > 1. □ 

Let Po,t be the orthogonal projection from "^""(Tj-qB, .^.q) to the kernel of ^2 with 
respect to ( , )^ g. Set 

(2.156) = ^ / e-"^(A - ^^y'dX. 
By (EEZEJ, 

r+oo 

(2.157) F,(^2*) = e""^2* - Po,i = / ^^e-'^^^Uui. 

J u 

Let Po^t{Z,Z'), Fu{^2){Z,Z') be the smooth kernels of Po^t,Fu{^i) with respect to 

dVT^^BiZ'). 

Corollary 2.18. With the notation in Theorem 2.11[ 

(2.158) sup {l + \Z^\ + \Z'^\r — — — 7Tnri^.(^2*)(^,^ 



|a| + |a'|<m 



dZ^dZ""' dr 



< C(l + + |Z'°|)2"+-+2-'+2'-+2exp(-iz/u - VC^I^ - Z'\). 

8 

Proo/. Note that ^uu + ^\Z - > VC^\Z - Z'\, thus 
(2.159) / e^^'^-^'^l^-^'l rfwi < e-^l^-^'l / e"s'^^^du, 

J u J u 



= ^^-\vu-^fC^\Z-Z'\ ^ 
V 

By dnSSl), (ITTKTIl and dTTHIll . we get (ITTHHll . □ 

For /c large enough, set 



(k,r)e/fc,^ 



(2.160) 



(k,r)e/fc, 

r! cT r! at^ 

Certainly, as t — > 0, the limit of || \t,m, exists, and we denote it by || 



0,m. 
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Theorem 2.19. For any r > 0, k > 0, there exist C > 0, N & N such that for 
t G [0,to],\ e6UA, 

(2.161) 



dV dt 



t=o s 



< 



t.-i 



ct J2 \\z''4o,i 



|a|<r+3 



{k,r)e/fc,, ' |a|<4r+3 



Proof. Note that by (jTM)]) . (ITTTT^ . for t G [0, 1], A; > 1 

(2.162) \\s\\t,o<C\\s\\o^o, \\s\\t,k<Cj2\\Z''s\\o,k- 

\a\<k 

An apphcation of Taylor expansion for ()2.110|) leads to the following equation, if s, s' 
have compact support, 



(2.163) 



t=o ]s, s 



0,0 



<Ct\\s'\U,i E 

|o|<r+3 



1- 



Thus we get the first inequality of ()2.16ip . 
Note that 



(2.164) (A - ^^r' - (A - ^,')-' = (A - ^2*)"'(^2 - ^2°)(A - ^2°)"'- 
Now from dZEDD, (^IT^ and dHMD, 

(2.165) II ((A - ^^r' - (A - ^°)-') 4o,o ^ ^^(1 + 1^1') E ll^"'^llo-o- 

|a|<3 

After taking the limit, we know that Theorems 12. 1410.161 still hold for t = 0. 
Note that Vo,e, = Ve, + \R^^{n,ej) by dTTO . 
If we denote by ^A,t = A — =^2) then 



(2.166) A|f (A, t) - Ajf (A, 0) = E -^aT^ ■ ■ ■ ( 

i=i ^ 



St*- 



A,0 



i=0 



|t=0 



A,0 



Now from the first inequality of dTTTTCD . (ITT^ . (ITTH^ . (|TT!)K|l and (jTMHl . we get 

dnnn). □ 

Theorem 2.20. There exist C > 0, iV G N s-uc/i that for t G]0,to], « > «o, 5' ^ N, 
Z,Z'eT^,B, \Z\,\Z'\<q, 



(2.167) 



Fr,uAZ, Z') <Ct2{2"-no+i) (1 + g)^e-5^" 

J,,«,t (Z, Z') <Cr'(2n-no+^) (1 + g)^e^'^". 
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Proof. Let J^^ ^ be the vector space of square integrable sections of Eb,xo over {Z G 
Tx,B,\Z\<q+l}. 

If s G JxQ,q, put ll^ll^^) = J\z\<q+i I'^Ies^ dvTB^Z). Let ||v4||(g) be the operator norm of 
A G ^(J°, g) with respect to || 

By (j2.1(i()jl and (I^.Kiljl . we get: there exist C > 0, iV G N such that for 

t G]0,to],^i > ^io, 

(2.168) 



||i^r-,.,t||(g)<Ct(l + g)^e-5-", 



\\Jr^uA\{q) < Ctil + q) 



Let : M ^ [0, 1] be a smooth function with compact support, equal 1 near 0, such 
Take q g]0, 1]. 

By the proof of Theorem \2.17\ Fr^u verifies the similar inequality as in p.l58|) . Thus 
by (ITTHHll . there exists C > such that if \Z\,\Z'\ < q, U,U' e Eb,xo, 

(2.169) {Fr,uAZ, Z')U, U') - I {Fr,uAZ -W,Z'- W')U, U') 



4n— 2no 



On the other hand, by (I2.168|) . 



(2.170) 



1 



{F,.,uAZ -W,Z'- W')U, U') -^_^0(H^/,)0(W^7^) 



dvT^^B{W)dvT^^s{W') <Ct-5^(l + g)^e-^-|t/||[/'|. 



By taking ^ = ti/2{2n-no+i)^ (jnTITjl . 
In the same way, we get ()2.167|1 for Jr,u,t- 



□ 



Theorem 2.21. There exists C" > such that for any k,m,m' ,m" G N, there exist 
G N, C > such that ift g]0, to], « > Z, Z' G TgU , a,ae Z^"""", |a| + < m, 



{l+\Z^\ + \z 



/± i \m'' 



dZ'^dZ 



^[FA^^)-J2^r,ut^)(Z,Z') 



r=0 



(2.171) 



< Ct''+\l + |Z°| + |Z'°|)2("+^+'"'+2)+-exp(--z/M - VC^\Z - Z'l 



(1 + IZ^I + l^'^ir"|T^^;3^(e-"^^* - 5: J,„t^)(Z,Z') 



r=0 



%f™'(XG) 



< Ct^+i(l + \Z'\ + |Z'°|)2("+^+'"'+2)+'"exp(^z/M - ^\Z - ) 



Proo/. By ^:m^ and (ITTH7|l . 



(2.172) 



1 d 



1 d'' 



r! (9t 



r! (9t^ 
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Now by Theorem 12.171 and ()2.16U|) . Jm^Fru have the same estimates as ^e~^^^ , 

in (ITTCHll . 
Again from (ITT!?!^ . (ITTHH|) . (I'2.1(j()l) . (I2.1(i7l) . and the Taylor expansion 

(2-173) G{t) - ^^(0)r = ^ - tof^{h)dt,, 

we get (ETTTD . □ 
2.8. Evaluation of J^.u- For m > 0, we will write uA^ for the rescaled simplex ■ ■ ■ , Uj] 

< Ui < U2 < ■ ■ ■ < Uj < u}. 

Let e~"'^2°(^Z, Z') be the smooth kernel of e~^-^° with respect to dvT^^B{Z')- 
Recall that the OrS have been defined in ()2.1U2|) . 

Theorem 2.22. For r > 0, we have 



(2.174) Jr,u= Yl (-1)'/ e-("-"^)^°C)^,e-K-%-i)^2° 



Ei=in=r, ri>l 

where the product in the integrand is the convolution product. Moreover, 

(2.175) Jr,u{z, z') = {-lyjrA-z, -z'). 

Proof. We introduce an even extra-variable a such that a"^^^ = 0. 
Set [ ]M the coefficient of a", X = =^2° + Ej=i 
From (I2.1(i()ll . (I2.172jl . we know 

(2.176) Jr,uiZ, Z') = i|-e-"^2'(Z, Z')k=o = [e-"^lM(Z, Z'). 

Now from ()2.17(ij) and the Volterra expansion of e"""-^"^ (cf. ^ §2.4]), we get ()2.174j) . 
We prove ()2.175|) by iteration. 
From (jTTn^ 

2n— no 

(2.177) = - E - ^'{{{P^"''JP^"y + 4P^"^JP^^JP^"^).„7^,7^) 

Here the matrix ((P^''^JP^''^)2+4P^''^JP'^^JP^''^),o need not commute with pT^'UjpT^u^ 
Thus [SI (6.37), (6.38)] does not apply directly here, and we could not get a precise 

formula for e~^-^° as in [T7[ (4.106)]. 

By the uniqueness of the solution of heat equations and ()2.177|) . we know 

(2.178) e-"^°(^, z') = e-'^^^i-Z, -Z'). 
BydnZi, 

(2.179) Jo,„(Z,Z')=e-"^^"(Z,Z')- 
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Thus we get ()2.175|) for r = 0. 

If (j2T75|l holds for r <k, then by (jHH, dHZHl), 



fc+i 



(2.180) 



By the iteration, Theorem 12 . 1 II and ()2.179p . and note that Ve, in Oj will change the 
parity of the polynomials we obtained, we get ()2 .17511 for r = + 1. □ 



2.9. Proof of Theorem 10121 By (12.1 5 7jl and (|2.171jl . for any m > fixed, there exists 

Cu > 
have 



Cu> such that for t = Z,Z' e T^^B, xq E P, a, a' G Z^""'^", |a| + < m, we 



[2.181) (1 + \Z 



±1 , lry/±l\m" 



r=0 



Set 
(2.182) 



< Cut^^\l + + |Z'0|)2("+'=+'"'+2)+-exp(-v/C^|Z- Z'l). 



p(r-) ^7 _ P 

'^r^u ^ r,u- 



Then P*^*") does not depend on m > by (j2.181|) . as Po,t does not depend on u. 
Moreover, by taking the limit of ()2.158|1 as t ^ 0, 



(2.183) (1 + |Z^| + IZ'^I)'"" 



Fr,,(Z, Z') 



< C{1 + + |Z'°|)2'^+2r+2m'+2g^p(_^^^ _ ^/^^j^ _ Z'\). 



1 



Thus 



(2.184) Jr,u{Z, Z') = P^'\Z, Z') + F,,„(Z, Z') = P^'\Z, Z') + 0{e-l' 

uniformly on any compact set of T^^B x T^^B. 
Especially, from (|2.175|1 . (j2.184jl . we get 

(2.185) P^'\Z, Z') = (-1)"P(")(-Z, -Z'). 
By dnnH), for Z, Z'eT^.B, 



(2.186) 



P,,,piZ,Z')=p^-'^K--2{Z)Po,t{Z/t,Z'/t)K-HZ'). 



We note in passing that, as a consequence of ()2.18H) and ()2.18fjj) . we obtain the 
following estimate. 
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Theorem 2.23. For any k, m, m', m" G N, there exists C > such that for Z, Z' G Tr^^B, 
\Zl\Z'\ <e, xoEXg, 



From (jZHl, dZHHl), i\'2Am^ and (jZIEZI), we get Theorem O without knowing the 
properties ^TT^ . ^TWf for p(^). 

To prove the uniformity part of Theorem in.2[ we notice that in the proof of Theorem 
12.171 we only use the derivatives of the coefficients of ^2 with order ^ 2n+m + m' +r + 2. 
Thus the constants in Theorems 12.171 and 12.201 (resp. Theorem 12.211) are uniformly 
bounded, if with respect to a fixed metric g^^ , the ^2n+m+m'+r+2 ^^ggp_ ^2n+m+m'+k+3^ _ 
norms on X of the data {g^^ , h^, V^, h^, V^, J) are bounded, and g^^ is bounded 
below. 

Moreover, taking derivatives with respect to the parameters we obtain a similar equa- 
tion as ()2.155p . where Xq G Xq plays now a role of a parameter. Thus the ^™'-norm in 
(I2.187j) can also include the parameters if the norms (with respect to the parameter 
xo G Xg) of the derivatives of above data with order ^2n + k + m + 3 are bounded. 

Thus we can take Ck, i in flO.lOj) independent of g^^ under our condition. 

This achieves the proof of Theorem l( ) . 21 except ()().12j) and (jO.lHj) which will be proved 
in Theorem 13.21 under the condition in Theorem 10.21 



(2.187) 



sup {1 + ^\Z^\ + ^\Z'^\) 



Q\»\+\»'\ 



\a\ + \a'\<m 



dZ^dZ' 
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3. Evaluation of P^"") 

In this Section, inspired by the method in [211 §1-4, 1.5], we develop a direct and 
effective method to compute P^'^\ In particular, we get (|U.12|) and (|U.13|) under the 
condition in Theorem 10 .21 

This section is organized as follows. In Section 13. H we study the spectrum of the 
limited operator Section 021 we get a direct method to evaluate P^^^ in ()().12|1 . 

especially, we prove ()().12|1 and ()().13j) . In Section imj we compute explicitly Oi in ()2.1()3|1 . 



and get a general formula for P^"^^ by using the operators Oi, O2. In Section EiH we 
compute explicitly an interesting example: the line bundle 0{2) on {CP^,2ujfs)- We 
verify that Theorem 10.21 coincides with our computation here if is a regular value of 
the moment map fi, but it does not hold if is a singular value. 

We use the notations in Section and we suppose that ()3.2|) is verified. 

3.1. Spectrum of J^2- Recall that T^P is the orthogonal complement of TY in (TP, (7^^) 
Note that by ()2.5j) and (j2.15j) , we have the following orthogonal splitting of vector bundles 
on P = fi-\0), 

(3.1) TX = T^P ®TY® 3TY, TP = P © TY. 
In the rest of this Section, we suppose that on P 

(3.2) JT^P = T^P, J^TY = TY. 

()2.7|) and ()3.2|) imply that — JJ preserves TY and 3TY. 
As g^^ is J- invariant, we get 

(3.3) JTY = JTY, JT^P = T"P. 

Thus {JTY)b\xc is the orthogonal complement of TXq in TB, and J induces naturally 
Jg e End(TXG). We will identify {3TY)B\xa to the normal bundle of Xq in B. 

For U,V E T^qB, Xq G Xq, we have 

(3.4) uj{U", V") = ug{P'^^°U, P^^^V). 

From the above discussion, for xq G Xq, we can choose {w^}"""", {ej-}"^]^ orthonormal 
basis of Txq'^^Xg, {3TY)b,xo ^ TB such that 

J I (1,0) = ^^^^diag(ai, ■ ■ ■ ,a„_„o) G Y.n(l{T^]f'> Xq), 

(3.5) ^° ^ ^'^ 

^\3ty)b = ^diag(a^'^ ■ ■ ■ ,a^f) G End((JTy)B,^J, 
with aj,aj- > 0, and let {w^'^^Zi° , {e^^}^^^ be their dual basis, then 

j = 1, . . . ,n — Hq , forms an orthonormal basis of T^^Xg. 

From now on, we use the coordinate in Section IT^ induced by the above basis. 
Denote by = (Z?, ■ ■ ■ , ZO„_2no)> = (^^ " " " , ^4)' ^^en Z = (Z^, Z^). 
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In what follows we will use the complex coordinates 2;' 



_ I'^O 



+ 2°, and w° = -° 
(3.6) 



ti^y = Jc>, and 



^ir-- ,Z^n-no)^ thus ZO 



We will also identify z° to ^i'/^fff and 2;" to ^ when we consider and 2;° as 
vecto 

(3.7) 



a 


2 


d 









SO thatk°P = |^p = ±|Z°'2 



1 

2' 



vector fields. Remark that 

2 _ 1 
~ 2 

It is very useful to rewrite ^2 by using the creation and annihilation operators. Set 

2 



(3. 



6, = -2^ + ^a,2« , 6; 
bi = -4^ + <4Z-, hi 



+ 6 = (&i, ■ ■ ■ ,6n-no) ; 





dzi 



Then for any polynomial g{Z^, Z-^) on Z° and 



(3.9) 



[6„6,] = [6+,6;] = 0, 



Set 
(3.10) 



"■-" 

^=5^6,6+ ^^ = $^fe>,^+, Vo, = V. + -<-(7^,■). 

i=i i=i 

From (ITT^ and Q, for U,V e T^,,B, we get 
(3.11) R^^{U,V) = -2TT^/^{iP^^°U,P^^^V) . 

By (EH, (EH), (EH), (nnn|l and dSm), we have 



jt() 



(3.12) 



2cj, 



6, = -2V 9 , hj = 2V 9 

3 3 

From TUm . (nnni) and (EH, we get 

2n— 2no no 

(3.13) ^^=- (Vo.eo)^ - J2 {(^ef? - 

= <if + — 2ci;ti,xo- 
By [2B1 §8.6], [2S1 Theorem 1.15], we know 
Theorem 3.1. The spectrum of the restriction of ^ on L^(]R^""^"'") is given by 

n—no 

(3.14) Spec(^U.(M"o)) = {2^a°a, : a° = (a?, ■ ■ ■ , G N""""}, 

i=l 
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and an orthogonal basis of the eigenspace of 2 Y17=i° oi^o-i is given by 

(3.15) b''°(izyexp(^-^J2''^\^i\^))^ wt/i /? e N"-"° . 

i 

The spectrum of the restriction of on L^(R"°) is given by 

no 

(3.16) Spec(if^U2(Kno)) = |2 5^a,V : = (a^, ■■■,<) G 



i=l 



and the eigenspace of 2 Y^ili '^i'^i' ^■^ one dimensional and an orthonormal basis is given 
by 

(3.17) (ny5(2a.^r'K^0)"''(&^r'exp(-ij]a^|Z,^r). 

i=l V * i 

Especially, the orthonormal basis of Ker(=Sf |i2(-]R2n-2no) ); Ker(^^| l2{r"o)) are 

g n-no i ^ n-no 



(2^n£)'((^°)"exp(-iE«iKT)-'«^N 

^' i = l j = l 



n— no . 



(3.18) 

G^(2")=(nv)''^K-^E'''i^^ 

1=1 i=l 

Let P^(Z°,Z'°), P^x(Z^,Z'^) (resp. P(Z,Z')) be the kernels of the orthogonal 
projections P^, P^± (resp. P) from L2(M2n-2no) q^^^q Ker(^), L2(M"o) onto Ker(^^) 
(resp. L2(M2n-no) onto Ker(^ + if^)). 

From ()3.18|) . we get 

n— no 1 n— no 

1=1 1=1 

(3.19) , "0 rr, , . '^o 



P(Z,ZO =P^(ZO,Z'°)P^x(Z^,Z'^). 



Let P^ be the orthogonal projection from /.^(R^"-""^ (A(r*(°'i)X) (g) E)^,,) onto = 
Ker(^2°)- Let P^{Z,Z') be the associated kernel. 

Recall that the projection IccsEg from {A{T*^^'^^X) ® E)b onto C ® Eb is defined in 
Introduction. 

By (EH), (ESD, (ITiH|l and (jSHI), 

(3.20) -uJd,.,>^o on A>°(T*(°'i)X), 
thus 

(3.21) P^(Z,Z') = P(Z,Z')Ws- 
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If J = J on P, then by (jmUl and (Hmil . 



n— no 



P\Z, Z') = exp ( - f 5^ + k:T - 2.°^f )) 

(3.22) ^ ^ ^ 

X 2^ exp ( - 7r(|Z^|2 + iZ'^p))/^^^^, 
P^((0, Z^), (0, Z^)) = 2^ exp ( - 27r|Z^|2)/c^^^. 

3.2. Evaluation of P^"^); a proof of dlTT^ and (jUIISl). Recall that 5 is the counter- 
clockwise oriented circle in C of center and radius v/A. 
By fl2l2T^ . 

(3.23) Po,t = ^J^i\-^^)-'dX. 

Let f{X,t) be a formal power series with values in End(L2(M2n-no^ (a(T*(°'^)X) (g) 

oo 

(3.24) /(A, t) = J]r/r(A), /.(A) G End(L2(R2n-no^(A(2-*(o,i)^) 

r-=0 

By fl2.103p . consider the equation of formal power series for X E S, 

oo 

(3.25) (A — ~ ^^'C'r.)/(A,t) = Idi2(IR2n-no^(A{T*(0.1)X)®-E;)s,^p) • 



r=l 



Let be the orthogonal space of in ^^(M^n-no^ {A{T<^''^^X) ® P)ij,a.o), and P^^ 
be the orthogonal projection from /.^(M^n-no^ (A(T*(°'i)X) (g) P)B,:ro) onto A^-^. 

We decompose f{X,t) according the splitting L2(M2n-no^ (a(T*(0'1)X) ® E)b,xo) = 

(3.26) ^?.(A) = P^/.(A), /,^(A) = P^"/r(A). 

Using Theorem 13.11 ()3.13p . ()3.20p . ()3.26|) and identifying the powers of t in ()3.25p . we 
find that 

90{\) = \P\ f^{X) = {X-^^)-'P^\ 



(3.27) 



/,^(A) = (A-^,V5^^"^"C?./.-.(A), 



Recall that P^'') (r G N) is defined in (ITTTS|l and (ITW|l . 

Theorem 3.2. There exist Jr{Z,Z') polynomials in Z,Z' with the same parity as r, 
whose coefficients are polynomials in A, R^^ , R'~'^'^^'^ , R^^ , fi^ , fj.'-^^^^ {resp. , Tr[P-^*^'°'"^] 
R^ ; resp. h, R^ , P^^; resp. fi) and their derivatives at xq up to order r — 1 {resp. r — 2; 
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resp. r; resp. r + 1), and in the inverses of the linear combination of the eigenvalues of 
J at xq , such that 

(3.28) P('')(Z, Z') = Jr{Z, Z')P{Z, Z'). 
Moreover, 

(3.29) P(°)(Z, Z') = P^(Z, Z') = P{Z, Z')Ic^E,. 

Proof. By fl3.23|) . for M > 0, by combining Theorems 12. 13lO. 161 and the argument as in 
j2ni §1-3], we get another proof of the existence of the asymptotic expansion of Po,t{,Z, Z') 
for \Z\, \Z'\ < M when t 0. 

By (EBD, and {\2.1^i)^ . this gives another proof of Theorems EIS for 

\Z\, \Z'\ < M/^. Moreover, by ^TTT^ . (fTTCn|l and ^U^ . 

(3.30) = ^ l^gr{X)dX + l-Jj^{X)d\. 

From (jS2Z|), (UnOD, we get (jT^ . 

Generally, from Theorems EHH EIH ()3.9|1 . ()3.27j) . ()3.3()j) and the residue formula, we 
conclude Theorem 13.21 □ 

Proof of (jlTT^ and (jlTT!^ . As J = J on /i"^(0), the condition (jSIH) is verified. 

From Theorem EH (p^ - we get dlTO and (jUIISl). □ 

From Theorem 13.11 ()3.27p . ()3.30|) . and the residue formula, we can get P^"^^ by using 
the operators {^^)-\ P^, P^^, Cfc {k<r). 

This gives us a direct method to compute P*^*"^ in view of Theorem 13.11 In particular, 

(3.31) P« = - P^OiP^^(^20)"ip^^ - P''\^^Y^P''^O^P'', 
and 



(3.32) 



P^^^ ~ ^ [(A - + C?2/o)(A) + ^P^(Oi/i + 0,f,){X) 

\x - ^^Y^p^"^ [oi ((A - ^^Y^p'^^Oi + \p''o^^ + O2" 

^((A - ^^Y^P^'^Oi + ^^"^C*!) + C2] }(A - ^^Y^dX 



dX 



2m 

+ V 
A 



+ {^^Y^p^'^o^p^Oii^^Y^p'"'^ - {^^Y'P^'^o^p'' 
+ p^Oi(^2°)-ip^^Oi(^2°)''^'^^ - p''Oi{^^Y^p''^o^p'' 

- P^OiP^Oi(^20)-2p^^ _ P^02(^2°)-1P^^. 

In the next Subsection we will prove P^OiP^ = 0, thus the second and seventh terms 
in ()3.32|1 are zero. 
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3.3. A formula for Oi. We will use the notation in Section All tensors in this 
Subsection will be evaluated at the base point xq G Xq- 

For a tensor on A, we denote by V^ip its covariant derivative induced by V"^"^. 

If ipi is a G-equivariant tensor, then we can consider it as a tensor on B = U/G with 
the covariant derivative V^ipi, we will denote by 



etc. 

We denote by {ca} an orthonormal basis of {TX, g'^^). 
To simplify the notation, we often denote by U the lift of G TB. 
Recall that Jl G TY is defined by ()1.14|) and the moment map n ()2.14|) . and that A is 
the second fundamental form of Xq defined by (jO.lOj) . 

Lemma 3.3. The following identities hold, 

(3.33) (V:^^V:^^/I)(7^,7^) := (VjJVjJ/I),.^^,^, 

= -p^^ ((v^„ J)(7^° + 27^^) + (v^x J)7^^) 
- JA(7^°)7^° - ^T(7^^ J7^°) + T(7^^, J7^^). 

Proof. Recall that p'^^^p'^"^ are the orthogonal projections from TX onto TY,T^X 
defined in Section [m Note that on P, by ()3.3p . 

(3.34) Jef'^ G TF, Je°'^ = (Jce-)^ G T^P. 
By flTTHl and (ITTHll . for A G 0, 

(3.35) - ( Jef , A^) = Vef Ai(A) = (vJJ/I, A^) + (jl, VJJA^ 
From (HID, (HinD, (HSl) and (jHSHD, 

(3.36) Vri/I = -P^^Jef - l^JJ/I = -P^^ Jef - r(ef , p?). 

From ()3.36|) and the fact that /I = on P, one gets the first equation in ()3.33p . 
Now for W (resp. Y) a smooth section of TX (resp. TY), by ()1.8p . 

VI^W,y) + '-{T{ef ,P^"''W),y) . 



(3.37) {Wif P' 'W,Y^= ef {W, Y) - i^P' ' W, V'J Y 

1 
2 

By dSSIl), 



(3.38) VJJP^^W^ = P^'^V^fW + ^T{ef, P^"''W). 
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By (K^ and (HO^ . 

(3.39) V^JV^Jfl = -P^^(VfHJ)ef - P^^JVj/ef 

j » j i 

By and JlII), for f/i, t/2 sections of TB on P, 



(3.40) v^f = iyl^u.r - \t{U^, f/f ) 



By the definition of our basis {e°, ef} in Section Yli 

(3.41) (V5^e;).„ = A(e°)e;, {Vl{^ejU = i^^MU = A{4)ef, {V^feiU = 0- 

Thus by (USD, (Q, dSSHI), (ESHl), (Eini), and the facts that A exchanges Nq and 

TXg on Xg, and that /I = on P, we get 

(3.42) (v^^v^^ji) ^-11,71) = -p^^iv^3)n - J/l(7^°)7^° - ^T(7^, J7^°) + T(7^, J7^^). 

We use the closeness of u to complete the proof of (|3.33p . 
From dnH, for U,V,W e TX, 

(3.43) {{^u^)V, W) = iV^u;){V, W), 
thus 

(3.44) ((V^J)V^, W) + {{V^J)W, U) + ((V^J)f/, V) = du;{U, V, W) = 0. 
By dOD, dnD, (nrii|l and (n01|l . for Y a smooth section of TY, 

{3^Ve^,ei) = -{V^e^Jet) = -{Tie^, 3ei),Y) 

and 

(3.45) (T(e^ Je°), = -2(V^^(Je?), e,^) = -2((V? J)e;, e^) + 2(T(e;, Je^), 

= 2((V^oJ)e^ Y) - 2((Vj J)e;, Y) + 2(T(e?, Je^), F). 

From ()3.42|) . ()3.45|) . we get the second equation of ()3.33p . □ 
Theorem 3.4. The following identity holds, 

(3.46) Oi = - ^(9,•P^^),o(7^, ei)ZjVo,e, - ^(9^P^^),o(7^, a) 

- 2 (A(e°)e°, 7^^> Vo,eoVo,eO - ttv^ ((V^J)e„ Cb) c{ea) c{eb) 

+ att^ ((v^o J)(7^° + 271^) + (v^x J)7^^ - T(7^^, J7^^), J7^^) 



BERGMAN KERNELS AND SYMPLECTIC REDUCTION 



57 



Proof. For ^ e (T*X End{A{T<^^^^ X))) b ^ {T*X ® (C(TX) Ok C))b, where C{TX) 
is the Chfford bundle of TX, we denote by V-^ip the covariant derivative of ip induced 
by V^^. 

From [Vi^j}'''^, c(ea)] = c(V^ea), we observe that for W G TB, 
(3.47) V^(V'(ea)c(e,)) = (V^^)(e,)c(e,) + V'(V^^ea)c(e,) + ^(e,)c(V^^ea) 

= (V^V^)(e„)c(e„). 
Thus by flT^ and (jCTTjl . for A; > 2, 



(3.48) - (2curf + T){tZ) = - {R'^iea, e^) c(e,) c(eb)) (tZ) 

A; 



r=0 



By Lemma (3.31 and ()2.11ip . we have 



(3.49) -t'{r'',r''){tZ) =4vr^E^^(l'^l'-(^^)) 

k=2 



1X0 



ea,efe) c(ea) c(efe) + 



t 



k-2 



t=0 



+ 4v^v/^^(/I«^« + p^^J7^^>^^ + 

The following two formulas are clear, 

1 



(3.50) 



1 ^2 ^ 

1 ^3 _ 

3! 



(VV|/I|^.(Z)) 



t=o 



t=o 



[11,11) 



TY-A'i 



Z=0 



6 



{VVV\Jl\lrr{Z)) 



{11,11,11) 



= ((V^^V^^/I)(^,^),Vr/^). 

From Lemma and ()3.49|) - ()3.50p . we see that the contribution from —t^{Jl^p,Jl^p){tZ) 
is the last three terms of ()3.46|) . 

By (|TTUD . ^nm^ and (pnn|l . we have 

(3.51) Vi,e, = Vo,e, + ^(9,/^^-).o^,(7^,e,) - i(lVe,/s:)(tZ) + ff{t'). 
By ^ij(Z) = 9'1{Z)9'^{Z) and (l^7IKll - (im7|l . we know 

g,,{Z) =6,, - 2 (A(e°)e°,7^^) + ^(I^H for 1 < t,j < 2{n - no), 

(3.52) 6ij + ^(iZp) otherwise; 

«:(Z) =det(^?,,(Z))V2 ^ 1 _ (A(e°)e°,7^^) + ff{\Z\'). 

From ()3.41|) . ()3.51|) and ()3.52|) . the first three terms of the right hand side of ()3.46p is 
the coefficient of the Taylor expansion of —g^^ {tZ){'Vt,ei'Vt,e —fVtyTB 



ej{tZ)j 



By fj2.110|) . ()3.43|) and the above argument, the proof of Theorem 13.41 is complete. □ 



58 XIAONAN MA AND WEIPING ZHANG 

Theorem 3.5. We have the relation 

(3.53) P^OiP^ = 0. 

Proof. By and ^TWf . 

btP"" = hi^P"" = , (6,^P^)(Z, Z') = 2a,^Z^P^(Z, Z'), 
(6,P^)(Z, Z') = a,(^° - )P^(Z, Z'). 

We learn from ()3.54p that for any polynomial g{Z-^) in Z"*-, we can write g{Z^)P^ {Z, Z') 
as sums of gi3^{h-^Y P^iZ, Z') with constants g^±. By Theorem 13. ![ 

(3.55) P^±{b^y'^g{Z^)P^ = , for > 0. 

Let {wa} be an orthonormal basis of (T^^'^^^X, g^^). 
Note that if /, g are two C-linear forms, then 

/(ea)fl'(ea) = f{Wa)g{Wa) + f{Wa)g{Wa). 

Thus by Theorem EU (Q, (IT^ and (jSSH), 

(3.56) P^((Vp)e„,efe> c(e,) c(e6)P^ = -2P^ ((ViJ)i/7a, W,) P^ 
= -2 ((Vfo+j,oJ)w;a, W,) P^ = v^Tr |Tx[J(Vfo+^,oJ)]P^. 

By dnsD, (ma), (Eiid, (h™ . dsm-dissi), we get 

(3.57) P^OiP^ = P^{^(97^P^-)..,(^, - ^(9,oP^-).„(7^,e°) 

+ i(97^P^-).„(7^,e,^)6,^ - i(9,xP^-),.„(7^^ e,^) 

+ vrTr |tx[^(V^oJ)] + Stt^ ((V^oJ)7^^, J7^^> jp"^. 

By (JS3), (ITMll and dSHS)), 

(3.58) P^Z/Z,^P^ = ^P'^ZfhiP^ = -^6,,P^. 

k k 

For ip a tensor on Xq, let V"^'^^/' be the covariant derivative of induced by the 
Levi-Civita connection V^"^'^. 

For U,V,W e T^o^G, by (EH, (Q and dTTTll . we have 



(3.59) iduR''^),,iV,W) = -2n^/^{{V^^3G)V,W) = -2nV^ {i\/p)V,W) . 
From ()3.2|) . ()3.5p . we know that 



(3.60) Jef = ^Jef. 

■' 111 ■' 
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(3.61) P^OiP'^ = P 



2((V^oJ)^,J.) + ((V^J)7^^J, 



(V^a J)7^^ J.)! + vrTr |tx[J(V^oJ)] + 2n {iV^o3)ef, Jef) 



4v^((VfoH_,,oJ) 



a <9 



= 0. 

□ 



^0 /+Tr |tx[J(VJ,^^,oJ)]-2 (J(V^,^^,oJ)e^^, e^^> 

The proof of Theorem 13.51 is complete. 

From ()3.32|) and Theorem 13.51 we get the following general formula which will be used 
in Sectional 

P(2) ={^^)-^P^^O,{^,')-'P''^OiP'' - (^2°)-lp^^02P^ 

(3.62) + p^'o^i^^y^p^'^Oii^^y^p'''^ - p^02(^2°)~'p^^ 

+ {^^y'p''^OiP''Oi{^^')-'p''"^ - p^'Oii^^yp'^^OiP''. 

3.4. Example (CP^, 2 a;^^). Let ups be the Kahler form associated to the Fubini-Study 
metric Qp^^^ on CP^. We will use the metric g'^'^^^ = 2g^^^ on CP^ in this Subsection. 

Let L be the holomorphic line bundle 0{2) on CP^. Recall that 0{—l) is the tauto- 
logical line bundle of CP^. 

We will use the homogeneous coordinate (zq, ^i) G for CP^ ~ (C^ \ {0})/C*. 

Denote by Ui = {[zq, zi] e CP^ z^ ^ 0}, {i = 0, 1), the open subsets of CP^, and the 
two coordinate charts are defined by Si : Ui C, 4>i(\zQ, zi\) = — , j 7^ i- 

For any ig, H € z^i^z'^ is naturally identified to a holomorphic section of 0{—iQ — i\)* 
on CP"*^. For any A; G N, we have 

(3.63) H\CP\0{k)) = C{sk,i, := z}^°z\\ io + ii = k, and io,ii G N}. 

On Ui, the trivialization of the line bundle L is defined by L 9 s — s/^;^^, here 2;^^ is 
considered holomorphic section of 0{2). 

In the following, we will work on C by using 0i : Ui C. Then for z G C, 



(3.64) 



-1^ 



ujfs(z 



271 



dd\og{{l + \z 



■1 dz A dz 



2n (l + \z 



2\2 ' 



Let be the smooth Hermitian metric on L on CP^ defined by for z E C, 

(3.65) \s2,o\Uz) = {l + \z\')-'. 

Let be the holomorphic Hermitian connection of (L, h^) with its curvature P^. 
By fj3.64|) and ()3.65|) . under our trivialization on C 

(3.66) = d + d + d\og{\s2,o\lL), 



dd log|s2,o|^i. 



2 ujfs ='■ ^■ 



2tx 2tx 

Let K be the canonical basis of Lie 5^ = M, i.e. for t G M, exp(i:ii') = e^''^^* G 5"^. 
We define an S'^-action on CP^ by g ■ [zq, zi] = [gzQ, zi] for g G S^. 
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On our local coordinate, g ■ z = gz, and the vector field K'^^^ on CP^ induced by K is 

(3.67) ir^^^ (z) := I exp(-tK) ■ zU=o = -27r^(^f - z|) . 
Set 

2|-2oP 

KK)i[zo, zi]) = I |2 °, |2 - 1- 

1^0 1 + 1 2^1 1 

Then, on C, 

(3.68) ^(ir) = 2|z|2(l + |z|2)-i-l. 

By ()3.64|) . ()3.67|) and ()3.68|) . we verify easily that yU is a moment map associated to 
the S^-action on (CP^cu) in the sense of fl2.15|) . 

The Lie S^-action on the sections of L defined by ()2.14|) induces a holomorphical S^- 
action on L. In particular, from ()3.66|) - ()3.68|) . 

(3.69) §-^exp{-tK) ■ S2,j\t=o =■ LkS2j = 2n\^{l - j) S2j. 
By (I3.69p . the S^-invariant sub-space of H^{CP^, L^) and /i^^(O) are 

(3.70) H\CP\ Lff" = C S2p,p, fi-\0) = {zeC, \z\ = 1}, 

and acts freely on /i~^(0), thus (CP^)s'i = {pt}. 

Under our trivialization of L, S2pj G H^{CP^, L^) is the function z\ and from ()3.65p . 

2Pdt _2j!(2p-j)! 
(1 + t)2p+2 ~ (2p+l)! ■ 

Thus (|gp^)^/2s2p,p is an orthonormal basis of H°{CP\Lp)^\ 

Let d be the formal adjoint of the Dolbeault operator d . For p > 1, the spin*^ 
Dirac operator Dp in ()2.12|1 and its kernel are given by 

(3.72) Dp = V2 (d^' + d^'*^ , Kei Dp = H\CP\ W). 
Finally, by Def. 12.31 for p > 1, we get 

(3.73) , 
P^iz z)-^^^^±^\s P iz) 

[Z,Z) - ——r-^\S2p,p\f^LP[Z) 



(3.71) ll^2p,illL2 = / -— — -^2^^5 



c 





\z 


|2i 


(1 + 1 


z\ 


|2)2p 



{2p+l)\ 


\z 


2p 


2(p!)2 (1 + 1 


z\ 


|2)2p 



Note that our trivialization by S2,o is not unitary, thus we do not see directly the 
off-diagonal decay ()0.14p from ()3.73|) . 

Here we will only verify that ()3.73|) is compatible with ()0.13|) . ()0.15|) and ()0.16|) . 
Recall that Stirling's formula ^38j (3. A. 40)] tells us that as p +oo, 

(3.74) p\ = {2Tipf'Y (^1 + ^ Q 

By (EZH), 
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Now, C* is an open neighborhood of /i~-^(0) and B = C* / ~ by mapping z E C* 

to r = \z\ G 

By dSIMI), the metrics on {\z\ = r} = {re^'^^^\0 E M/Z}, S ^ IR+ induced by 
u! = 2ujps is 

(3.76) Mr'^{l + r'^Y'^de®de, g^^ = -{1 + P)-^ dr ^ dr. 

71 

From ()3.76|) . the fiberwise volume function h'^{r) in (jO.lOj) on M"*" is 

(3.77) h^{r) = V8^r{l + r^)-\ 

= r, 



From dUSl), and (jTTTj) . we get for 

(3.78) h\r)P^^{z,z) = V8^^^^±^(-^]' =V2p{-^]' (1 + 



When \z\ = 1, from (ITTHl) . we re-find dlTTHIl and dlTTHIl . 

From ()3.76|) . V2tt^ is an orthonormal basis of {B,g^^) at r = 1, thus the normal 
coordinate has the form r - 1 = V2tt{Z^ + ^{\Z^\^). Thus 

(3.79) (2r (1 + r2)-l)2P+l = g{2p+l)log(l-7r(Z^)2+^XI^^I')) = g-27rp(Z-L)2 _^ ^ 

This means that dTZHI), (^^7^1) are compatible with dlTT!?!) and (HT^ . 

If we consider the sub-space H^{CP^, LP)^p of H^{CP^,Lp) with the weight — p of 



S'^-action, then by ()2.14p as in ()3.69|) . and ()3.71|) . ■yp+ | "S2p,o is an orthonormal basis 
of H^{CP\LP)^p. 

Thus the smooth kernel P~^{z,z') of the orthogonal projection from ^°°(CP^,L^) 
onto H°{CP\LP)^p is 

(3.80) Pp~^{z,z') = {p+l) S2p,o{z) ® S2pfl{zr, Pp~^'{z,z) = {p + l){l + Izl'r'"- 
Note that /i^^(— 1) = {0}, i.e. —1 is a singular value of fi. 

Let /ii be the moment map defined by fii{K) = fi{K) + 1, then if°(CP^, LP)_p is the 
corresponding S'^-invariant holomorphic sections of with respect to the corresponding 
S'^-action. 

Thus is a singular value of fj,i and this explains why we have a factor p in ()3.80|) 
instead of p^/^ in (ITTHI) . 

4. Applications 

This Section is organized as follows. In Section 14.11 we explain Theorem 14.11 the 
version of Theorem 10.21 when we only assume that n is regular at 0. In Section We 
explain how to handle the "(9- weight Bergman kernel. In Section [4.31 we deduce ()().15|1 . 
and ()0.1(jj) from pT| Theorem 4.18']. In Section [4.4^ we explain Theorem 10.21 implies 
Toeplitz operator type properties on Xq- In Section l^3| we extend our results for non- 
compact manifolds and for covering spaces. In Section 14. (i| we explain the relation on 
the G-invariant Bergman kernel on X and the Bergman kernel on Xq- 

We use the notation in Introduction. 
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4.1. Orbifold case. In this Subsection, we only suppose that G 0* is a regular value 
of /i, then G acts only infinitesimal freely on P = /i~^(0), thus Xq = P/G is a compact 
symplectic orbifold. 

Let G'^ = {gEG,g-x = x for any a; G P}, then G^ is a finite normal sub-group of G 
and G/Gq acts effectively on P. 

We will use the notation for the orbifold as in |24| §1], [TTl §4.2]. 

Let U he a. G-neighborhood of P = /U~^(0) in X such that G acts infinitesimal freely 
on U, the closure of U. From the construction in Section 11.21 any G-equivariant vector 
bundle F on U induces an orbifold vector bundle Fb on the orbifold B = U/G. 

The function h in (lU.lUj) is only on the regular part of the orbifold B, and we 
extend continuously h to U/G from its regular part, which is and we denote it by 
h, then h is also "^"^ on U. 

As we work on P in Section l23t we need not to modify this part. 

We need to modify Section 12.61 as follows. 

Observe first that the construction in Section [Ol works well if we only assume that G 
acts locally freely on X therein. 

Denote by ^ the connection on T^U as in Section [TTT| and on P, let V^, V"^ ^, 
"V^ ^ be the connections on N,T^U in Section as in ()0.9|) . 

For yoE P,W e T^U (resp.T^P), we define R 3 t Xt = exp'^"^{tW) G U (resp. 
expl^^itW) G P) the curve such that Xt\t=o = Vo, f |i=o = W,^e T^U, Vl'^f = 

dt 

(resp. f G T^P, Vl'^f = 0). 

dt 

By proceeding as in Section ^TM. we identify B^ ^{ijQ.e) to a subset of U as follow- 
ing, for Z G B^"^{yo,e), Z = + Z^, Z^ G T^^P, G iV^o, we identify Z with 

Set Gj/o = G G,gyo = yo}, then G ■ B'^"^{yo,e) = G Xq^^ B^"^{yo,e) is a G- 
neighborhood of Gyo, and (G^q, P"^ ^(l/o; ^)) is a local coordinate of B. 

As the construction in Section IT^ is Gj^g-equivariant, we extend the geometric objects 
on G Xg,„ P^"^(2/o,^) to G Xg,„ M^"-" = Xq. 

Thus we get the corresponding geometric objects on G x K^n-no using the covering 
G X M^n-no ^ ^Gyg M^"""'', especially, (where we use the ^notation to indicate 
the modification) is defined similarly on G x ]R^"~"o, and Theorem 12.51 holds for Cp°. 

Let 7Tg ■ G X M^n-no _^ ]^2n.-no |-]^g natural projection and as in (jl.2Up . we define 
$ = hnc, then the operator is well-defined on T^.U 



Let g'^"^° be the metric on M^" "° induced by g'^^°, and let cLvthx^ be the Riemannian 
volume form on (M^"""", (7"^^^°). 

Let Pj,o,p be the orthogonal projection from L2(M2n-no^ (A(T*(°'i)X) ®Lp® E)y^) onto 
Ker($£^«8-i) on M^n-no^ Let Pj,o,p(Z, Z') (Z, G M^n-no^ ^^e smooth kernel of 
Pj^op with respect to dyrpHx^iZ'). 

Let P(^p be the orthogonal projection from VL^'*{Xq,L^ ® Eq) on (KerP'^°)'^, and let 
Pqp{x, x') be the smooth kernel of P^p with respect to the volume form dvxo{x')- 
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Let Pp {y-,y') iy,y' ^ Xq/G) be the smooth kernel associated to the operator on 
Xo/G induced by as in (jT7^ . 

Note that our triviahzation of the restriction of L on B'^"'^{yo,e) as in Section IT^ is 
not Gj,;, -invariant, except that Gy^ acts trivially on Ly^. 

For X, x' G Xq, with their representatives x, x' G R^"""", we have 

(4.1) h{x)h{x')P,''^^{x,x') = P/°/^(7r(a;),7r(x')) = ^ E 1) " PyoAg-^x'). 

The second equation of (j4.H) is from direct computation (cf. [13 (5.19)]). 

As we work on G x M^n-no^ for operator Prop. 12121 and Sections OESl 

still holds. 

From Theorem 12.231 for Py^^p and (|4.ip . we get 

Theorem 4.1. Under the same notation in Theorems {^TM l^-^''^ for a, a' G pj^n-no^ 
|tt| + < we have 



■/±\\m." 



(4.2) {1 + ^\Z^\ + ^\Z'^\) 

k 



-iT™' (P) 



< C7p-(^'+i-'")/2(l + ^|Z°| + v^|Z'°|)'("+'^+™'+')+™exp(-v/GV^ inf l^-^Z - Z'\) 

+ ^(P~°°). 

If Z = Z' = then for ^ G Gj^^, = we use Theorem IT^ for Z = Z' = with 
the base point Z^, and for the rest element in Gy^, we use Theorem 12 . 231 for Z = Z' = Z^ 
with the base point yo, then we get 



(4.3) 



P 



k 



2fc 

^ E E 1) ■ pS^9-'V^Z\ ^Z')p- 



=0 ggGj;„,gZO^ZO 



< Gp-(''=+i)/2(l + (1 + v/p|Z°|)2("+2fc+2)g^p^_^/^;;;^|^0|) 



Note that if (? G Gy^^ acts as the multiphcation by e*^ on L^^, then (^f, 1)-Pyl\ {g, l)-P^o 
in ()4.3p have a factor e*^^ which depends on p. 

Of course, after replacing L by some power of L, we can assume that Gy^ acts as 
identity on L for any yo G P, in this case, {g, 1) ■ Pyo\ {g, 1) ■ P^o'' do not depend on p. 

From Theorem 13.21 and (j4.3p . if the singular set of Xq is not empty, analogous to the 
usual orbifold case |17, (5.27)], P^f (?/o, Z/o); {yo ^ P) does not have a uniform 

asymptotic expansion in the form YlT=o^r{yo)p~^ ■ 
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4.2. ?9-weight Bergman kernel on X. In this section, we assume that G acts on 
P = ^^1(0) freely. 

Let V be a finite dimensional irreducible representation of G, we denote it by : 
G —>■ End(V). Let be the highest weight of the representation V. Let V* be the trivial 
bundle on X with G-action p^* induced by . 

Let Pp be the orthogonal projection from ® E) on HomdV, Ker Dp) (S> V C 

Ker Dp. Let Pp{x,x'), {x,x' G X), be the smooth kernel of Pp with respect to dvx{x'). 

We call Pp{x, x') the ^?-weight Bergman kernel of Dp. 

We explain now the asymptotic expansion of Pp{x, x') as p ^ cxd. 

We will consider the corresponding objects in Sections [T]|ni by replacing E hy E ®V* . 
Especially, we denote by the corresponding spin^ Dirac operator associated to the 
bundle U^E^V*. 

Certainly, all results in Sections ^01 still hold for the bundle E ®V* . 

Let Pp be the orthogonal projection from 'T^°°{X,Ep V*) onto [Ker Dp*)'^, and 
Pp{x,x'), {x,x' G X) the smooth kernel of Pp with respect to dvx{x'). 

As V is an irreducible representation of G, we get 

(4.4) KeiD^* = (Ker Dp) ® V*, {Ker D^'f = RomaiV, Ker Dp). 

Let {vi} be an orthonormal basis of V with respect to a G-invariant metric on V and 
{v*} the corresponding dual basis. 

Let dg be a Haar measure on G. By Schur Lemma, 

(4.5) //■("^■®"*)^^=di^^--^^^- 

Thus if is a finite dimensional representation of G with the highest weight then for 
any s E W, we have 

(4.6) s = (dime V) J g ■ {s v*)dg^ ® f ^ G HomG(V, W)®V = W. 

From ()4.6|) and the G x G-invariance of the kernel Pp{x, x'), we get 
P^{x,x') = (dimcV) ^(P/(x,x')<,t;.), 

(4.7) 

P^ix,x) = (dimcV) Trv.P/(x,x) G End(A(T*(°'i)X) ® E)^. 

In fact, let {i'j} be an orthonormal basis of Ker(Dp*)*^, then for any j fixed, in view of 
the second equality in ()4.4|) . one sees that 

(4.8) V;^, GEndG(V) and Trv[V^,%] = H^.Hi^ = 1. 
Thus by Schur Lemma, 

(4.9) m-^^'i^ 

and {(dime V)^ipjVi} is an orthonormal basis of HomG(V, Ker Dp) ® V C Ker Dp. 
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Let U he a G-neighborhood of P = /i^^(O) as in Theorem 10.21 P^ is viewed as a 
smooth section of pr^(i?p (S) V*)b ® pr2(-E'p ® V*)^ on i? x S, or as a G x G-invariant 
smooth section of pi^Ep (g) V*) ® pr2(-Ep ® V*)* on U x U. 

Moreover, Vi, v* are smooth (not G-invariant) sections of f/ x V, f/ x V* on U. Thus 
from ()4.7p . P^^ is not a G x G-invariant section of prKEp) (g) pr2(-E*) on U x U. 

Now Theorem IU.2I apphes well to the bundle E ^ V*, thus we get the asymptotic 
expansion of Pp{x, x') as p ^ +cxd, and the leading term in the expansion of 

p-"+^(/ifi;l)(x)(/iK^)(x')Pp^(x,x') is P{^Z,^Z')Ic,^(Em')B- 

By ()4.7|) . the leading term of the asymptotic expansion of p"""''^ {hK2)[x){hK2)[x')Pp{x, x') 

is 

(4.10) (dime P{^Z, ^Z')Ic^Es, P{0, 0) = 2"°/2. 

Let 9 be the curvature of P Xq as in Section II. II Let p^* denote the differential 
of p^*. By (ITTKIl . 

(4.11) jimv*)G ^ j^Ea ^ pf (9). 

In the same way, we can define J^^ a section of End(A(T*^°'"'^-*X) E)b on Xq by 
flHTTIl for P^. From (jlT^ (which will be proved in Section ED, (jHZD, and dmH), 

we get 

Theorem 4.2. Under the condition of Theorem \U.(A the first coefficients of the asymp- 
totic expansion of J^^ G End^Ec) in ()U.20|) is 

(4.12) <l>o = (dimcV)^ 

$1 = ^(dimc Vf {r^^ + 6Ax« log h + 4Pf«(^°, «^)) 

+ i^(dimc V) Trv. [pr(0)K,w;)] . 

4.3. Averaging the Bergman kernel: a direct proof of fjO.lSj) and fj0.16|) . We use 

the same assumption and notation in Theorem 10.21 

Let Pp{x, x') be the smooth kernel of the orthogonal projection Pp from Q^''{X, ® 
E) onto KerDp with respect to dvx{x'). Then Pp(x,x') is the usual Bergman kernel 
associated to Dp. 

Let dg be a Haar measure on G. By Schur Lemma, 

(4.13) Pi:{x,x')= [ {{g,l)-Pp){x,x')dg= [ (g,!) ■ Pp{g-'x,x')dg. 

Jg Jg 

One possible way to get Theorem 10.21 is to apply the full off-diagonal expansion [T7| 
Theorem 4.18'] to (^3^ . 

Unfortunately, we do not know how to get the full off-diagonal expansion, especially 
the fast decay along Nq in fl().14|l in this way. 

However, it is easy to get ()0.15|1 and ()0.1(i|l as direct consequences of [d Theorem 
4.18'] and gJ^. 
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As in Section 12.51 we denote by TY the sub-bundle of TX on a neighborhood of 
P = yU~^(0) generated by the G-action and by T^P the orthogonal complement of TY 
in {TP,g^n. 



Take ^ P- Let {ej}^f!^ be orthonormal basis of Ty^P, Ty^Y . Then 

{ei}^i"~""'' U {/;, ^jyo/JI^i orthonormal basis of Ty^X. We use this orthonormal 

basis to get a local coordinate of X by using the exponential map exp^. 

We identify B^yo^{Q,e) to B^{yo,e) by the exponential map Z expy^^{uZ). 
Let V^^^'^®^ be the connection on A(T*(°'i)X) O E induced by V^"^ and V^. 
For Z e BV{0^£), we identify Lz, (A(T*(0'i)X) O E)^, (^p)z to L^^^, (A(T*(0'i)X) O 
{Ep)yg by parallel transport with respect to the connections V^, V'"''^®'^, V'^*' 
along the curve 72 : [0, 1] 3 u ^ uZ. 

Under this identification, for Z, Z' G B^yo^(^0,e), one has 

Pp{Z, Z') G End(A(T*(°'i)X) ® E)^,^. 

Let Ki{Z) be the function on i?^TO"^(0, e) defined by 

(4.14) dvxiZ) = Ki{Z)dvT^^x. 

By [m Theorem 4.18'] (i.e. TheoremlOfor G = {!}), there exist J^(Z') G End(A(T*(°'i)X) 
^E)yg, polynomials in Z' with the same parity as r, such that for any k,m' G N, there 
exist C,M >0 such that for Z' G Tj^^X, |Z'| < e, 



(4.15) 



k 

^Pp{Z\ 0) - ^ J.(VP^')'^r'(^')e-^^l^'lV 



r=0 



<r™' (P) 



< Cp-('^+^)/2^1 + ^\Z'\Y' eM-^C^Vp\Z'\) - 
and 

(4.16) UZ) = Ic^E. 

For G s, \K\ small, maps (A(T*(0'i)X) ® E)^-^^^, L,-Ky^ to (A(T*(0'^)X) ® E)^^, 
Lj^g, and under our identification, we denote these maps by 

(4.17) f'iK) G End(A(T*(0'i)X) ® E)y^, f\K) G End(L,J ~ C. 
By [H Prop. 5.1], if we denote by 

1 „—adK 

(4.18) = det,(^j^) 

for G 0, then in exponential coordinates of G, 

(4.19) d(e^) =j,{K)dK. 

By [m Prop. 4.1] (i.e. Theorem ED for G = {1}), ^J^, as G acts freely on P, we 
know 

(4.20) P^{yo,yo)= [ f{K)U\K)yPp{e~^y,,yo)3,{K)dK+i^{p-^). 

JK<^<j,\K\<e 
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Let 5*-^ be the section of L on i?-^«o^(0, £:) obtained by parallel transport of a unit 
vector of Ly^^ with respect to the connection V'^ along the curve 7^. Let be the 
connection form of L with respect to this trivialization. 

Recall that for G g, the corresponding vector field on X is defined in Section 
ll.ll Recall that {Ki} is a basis of g. 

By flTTO . for K EQ, 

(e^ . S^m = ■ = f\K)S\Q), with /^(O) = 1, 

(4-21) „..,..^ 1 

2 

By dni, (P^ . (jCT]) and /i = on P, we get 



(4.22) (Lx,(Lx,^^))(0) = (V^x(V^x^^ - 27rv^^(ir,)5^))(0) 

_ 1 

By (JTHl), (lOTD . (lO^ and /i = on P, we get 

^(0)5^(0) = (L^,5^)(0) = (V^x5^)(0) = 0, 

^'•''^ ^(0)^^(0) ^^(e—^ ..^)(0)|,...o 

= (L^,(L^,5^) + L^,(Lx^5^))(0) = 0. 

Thus from KT^ . 

(4.24) (/^(ir))P = (1 + ^(|Kp))P. 
Moreover, 

(4.25) f^iK) = Id(^(r,(o,i)x)«^),„ + ^m), K,{Z) = 1 + ^(|zn. 

Let (iwy be the Riemannian volume form on (TF, (7^^). Observe also that if we denote 
by ^y^^ : G — » Gyo the map defined by iy^^g) = gyo, then 

1 

hHyY 

this gives us a factor when we take the integral on q instead on the normal coor- 

dinate on X. 

By (g^ni), (1121- dOSl) and the Taylor expansion for ki, as 

in m Theorems 5.8, 5.9], we know that there exist Jl{Z) polynomials in Z with same 
parity on r, and Jq = /c®_e, such that 

(4.27) P^ivo, yo) ~ p"t^ / e-f^l^l' J] j;(v/pir)p-'-/2rfif. 
Moreover, 

(4.28) / e-5^l^l'di^' = 2V'^- 



(4.26) = ho*d9, 
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After taking the integral on g, from (HTfll and (jOHI), we get (UTTHll and ^TWi . 

By ()4.7|) . ()4.27|) and ()4.28|1 . we get also the asymptotic expansion for Pp{yo, Vo), Vo G P. 

4.4. Toeplitz operators on Xq- In this Subsection, we suppose that (X, u) is a Kahler 
manifold, J = J, and L, E are holomorphic vector bundles with holomorphic Hermitian 
connections V^, V^. Let G be a compact connected Lie group acting holomorphically 
on X,L,E which preserves and . 

We suppose that G acts freely on P = ^~^{0). Then {Xg,ujg) is Kahler and Lg,Eg 
are holomorphic on Xg- 

In this case, there exists a natural isomorphism from {Kei Dp)^ onto KerD^p. 

At the end of this Subsection, we will explain the corresponding result in the symplectic 
case, especially, for p 1, we construct a natural isomorphism from {Ker Dp)'^ onto 
Kei Dg,p. 

In the current situation, the spin^ Dirac operator Dp was given by ()().2H) and Dp 
preserves the Z-grading of Q^''{X, ® E). Similar properties hold for Dg,p- 

As in Section EISl let Pg,p be the orthogonal projection from VP'*{Xg, Lq, ^Eg) onto 
Ker Dg,p, and let Pg,p{x,x') be the corresponding smooth kernel. 

By the Kodaira vanishing theorem, for p large enough. 



(4.29) {Ker Dpf = H%X, LP ^ Ef, Ker Dg,p = H\Xg, L^. E, 



G) 



As D^, D%^ preserve the Z-gradings of fi°'*(X, Lp^E), n^^'{XG, LP^^Eg) respectively, 
we only need to take care of their restrictions on (X, LP E) and 'to'^ {Xg, L^ ® Eg)- 
In this way, 

Ppix,x') G ^~(X X X,ptI{LP ®E)0 p4{LP ® E)*), 
PgA^o, x'o) G ^"^{Xg X Xg, pr^ (L^ ® Eg) ® pr;(L^ ® Eg)*)- 

Recall that the morphism cxp : H^{X, LP ® E)^ H^{Xg, Pq ® ^g) was defined in 
fHOTf) . Set 

(4.31) (Tp=(ypO P^ : ^""(X, LP®E)^ H\Xg, LP^ ® Eg). 

Let ap* be the adjoint of o"^ with respect to the natural inner products (cf. (jl.l9|) ) 

on ^°°(X,Lf ®E), ^°°(Xg,L^®Eg). Set 

(4.32) ^^^:=p-'^S^oaf. 



Let {sp^i}i^i be an orthonormal basis of H^{X, Lp ® E)'^. For yo G Xq, x, x' G X, 
one verifies 

dp 

Ppi.^^ x) = Sp^i{x) (g) Sp^i{x')*, 

(^piyo,x) = Pp{yo,x), ap*{x,yo) = Pp{x,yo), 

where by Pp{yo,x) (resp. Pp{x,yo)) we mean Pp(y,x) (resp. Pp{x,y)) for any y G 
7r^^(?/o), which is well-defined by the G-invariance of Pp. 
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From ()0.27|) . we know that commutes with the operator Pq^p and 

(4.34) V^^ = PcpV^^Pcp. 

Let P^\p be the restriction of the smooth kernel Pp{x,x') on P x P. Then 
Pl;\p{x, x') e ^°°(P X P, pr*(LP ® E) ® pt;{LP ® E)*) 
is G X G-invariant. By composing with ttg, 

(ttg o Pp^|p)(xo, x'o) e X Xg, wUL^g ® ^g) ® pr;(L^ ® i^c)*)- 

We denote by ttq o Pjp|p the operator defined by the smooth kernel (ttg o P^|p)(xo,Xo) 
and the volume form dvxci^'o)- Then from ()4.33|) . we verify that 

(4.35) V^^{xo,x'o) = p-'^P^{xo,x',) = p-^nc o P;;\p{xo,x',). 

Definition 4.3. A family of operators Tp : H^{Xg, L^g ® ^g) ^ H^{Xg, ^g ® ^g) is a 
Toeplitz operator if there exists a sequence of smooth sections gi G End(i?G)) 
with an asymptotic expansion g{-,p) of the form Yl'^QP~''gi{x) such that for any k eW, 
there exists C > such that for any p G N, 

A: 

(4.36) ||T, - PG,pY,P~'9iix)PG,p\r < Cp-^'^'\ 

1=0 

Here || H^'*^ is the operator norm with respect to the norm || ||^2. We call go{x) the 
principal symbol of Tp. If Tp is self-adjoint, then we call Tp is a self-adjoint Toeplitz 
operator. 

Recall that h is the fiberwise volume function defined by (jO.lOj) . 
Let dg be a Haar measure on G. 

The main result of this Subsection is the following result. 

Theorem 4.4. Let f be a smooth section ofEnd{E) on X. Let G '^'^{Xg, End(i?G)) 
be the G-invariant part of f on P defined by f'~^{x) = Jg 9fi9^^x)d9 ■ Then Tf^p = 
p~^(jpfap is a Toeplitz operator with principal symbol 2~ j^[x). In particular Vp'^ 
a Toeplitz operator with principal symbol 2^//i^(x). 

Proof. Let /* be the adjoint of /. By writing 



2 2V^' 
we may and we will assume from now on that / is self-adjoint. 

We need to find a family of sections gi G "^""(Xc, End(-EG)) such that for any m > 1, 

m 

(4.37) r^,, = Y.Pg,p9iP''Pg,p+^{p-'^'')- 

1=0 

Moreover, we can make these gi^ to be self-adjoint. 

Let t/ be a G-neighborhood of P = /i^^(O) as in Theorem ID. 21 

Let if) he a. G-invariant function on X such that = 1 on a neighborhood of P and 
supp(V^) C G X, d{y, P) < eo/2} n U. 



IS 
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Write 

(4.38) a^fa^* = a';^ljfa^* + a^{l - ^)fa^*. 

For Xo,x'q G Xg, let x,x' & P such that 7i{x) = Xq, tt{x') = x'q. By fl4.33p . 

(4.39) (ap^((l-V^)/)af)(xo,x'o)= / P^{x,ym - ^)f){y)P^{y,x')dvx{y). 

Jx 

From Theorem 10. H ()4.39|1 and supp((l — ■?/;)/) HP = 0, we know that for any /, m G M, 
there exists Ci^m > such that for any p G N, Xq, x'q G Xq, 



(4.40) \{ai{{l-^)f)cri*){xo,x',)y^(^Xa>cXa) < Ci,mp-'. 
We define fe G <^°°(5, End(EB)) by 

(4.41) /b(xo) = / giijf)ig-'x)dg 

Jg 

for Xq E B,x E U such that 7r(x) = a;o. Clearly, if Xq G P, as ip\p = 1, one gets 

(4.42) Mxo) = fixo). 

From ()4.41|) . for xq, x'q E B, x, x' E U such that tt{x) = Xq, 7r(x') = x'q, one gets 

(4.43) a^^Pfa^*{xo,x'Q)= [p^{x,y){ijf){y)P^{y,x')dvx{y) 

Ppixo, yo)fBiyo)Ppiyo, x'Q)h'^{yo)dvBiyo)- 



B 



For Xq G Xg, we will work on the normal coordinate of Xq with center xq as in 
Theorem 10.21 

Recall that P^f Z'^) was defined by (j3.19|) with ai = af = 271 therein. 
By (lOm and for < eo/2, 



(4.44) 



Lk.0, ^^'(^°> 1^)(/b/.^)(1^)P,^(W^, Z")dvB{W) 

JweT^,,B 



By Theorem 10.21 (j4.44j) and the Taylor expansion of /s, there exist Qo.r ^ End(ii^G,xo) 
polynomials on Z*^, with same parity on r such that the following formula, obtained 
through compositions, holds. 



(4.45) 



< Cj9-('=+^)/'(l + + v^|^'°|)*'exp(-VC^v^|^° - ^'°|) 



On the normal coordinate in Xq, under the trivialization induced by the parallel 
transport of ^(^'''^^^g along the geodesic, by ^3 Theorem 4.18'] (i.e. Theorem 10.21 for 
G = 1), we get : there exist Jr{Z^, Z'^) E End(i?G)xo, polynomials in Z^,Z'^ with the 
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same parity as r, such that for any k,m' G N, there exist M E N,C > such that for 
xo G Xg, G T^,Xg, \Z% \Z'^\ < e, 



(4.46) 



V 



-n+no 



PG,,{Z\Z'')-Y,{JrPj,){^Z\^Z'')K-Hz')K-'^Z'')p 



r=0 



%f-'(XG) 



-(fc+l)/2/ 



1 + ^\Z^\ + v^|Z'°|)*^ exp(-v^v^|ZO - + 



By using the Taylor expansion of n from ()4.46p . there exist Jo,r € End(_E'G^g), 
polynomials on Z^, Z'^ with same parity as r, such that 



(4.47) 



r=0 



■^-'(Xg) 



< Cp-^'^+'^/^il + Vp|Z°| + Vp|^'°|)''exp(-v^V^|Z° - Z'°|) + 
Moreover, by ^TJ^ and (lO^ . for Qo.o, -^o,o in and (I07j) . we have 



(4.48) 



31 Z*^ 

Qo,o = 22 — _(xq), Jqo 



Id 



Bg 



In what follows, all operators will be defined by their kernels with respect to dvT^^Xa- 
We will add a subscript or z'^ when we need to specify the operator acting on the 
variables Z^ or Z'^ . 

By Theorem 13. H we know that 

(4.49) = 0, (6,P^)(Z0, Z'O) = 6„,oP^(ZO, Z'O) = 27r(l« - 25')P^(Z0, Z'°). 

Thus for P(Z°, Z'°) a polynomial on by (jSH), Theorem EH (031, we can 

replace I'j in F of (PP_5«)(Z'°, Z'°) by the combination of hj zO and I'j', thus there exist 
polynomials F^o (a° G N"""") on 2;°, (resp. PaO,o on 2°, ^'°) such that 



(4.50) 



(PP^)(ZO,Z'0) = ^6:o°(P„oP^)(Z0,Z'0), 

0,0 

((PP^) oP^)(Z°,Z'0) = 5^6^PoO,o(^°,^'°)P^(^°,^'°). 



In fact, by Theorem 13. the coefficient of P^{Z^^ Z'^) in the right hand side of the second 
equation of ()4.5()j) is anti-holomorphic on z'^ . Moreover, by Theorem 13. If +degPQO, 
\a^\ + degPcfO^o have the same parity with the degree of F on Z'^^Z'^. In particular, 
Po,o(-2°,^"') is a polynomial on z^, 'z'^ and its degree has the same parity with degP. 
We will denote by 



(4.51) 



0,0- 



Let {FPj^)p be the operator defined by the kernel '^°{FPj^){^Z'^ , ^Z'°). 
By Theorem Em (jOTjl . there exist polynomials Hr{F) on Z'O G r^o^G, 

with the same parity with degP + r, such that we have the following asymptotic at 
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center xq, 

oo 

(4.52) Pg,p{FP^)pPg,p ~ J](i/.(F)P^)pp-^/2. ^^^p^ ^ p^^^ ^ p^^^^ 

r=0 

with the reminder term estimated in the sense of ()4.45|) and ()4.47|) . 

By Theorem 13. ![ ()4.47|) . ()4.50|) and ()4.52|) . the coefficient of in the expansion 

of j:r=oPGAQo,rPj^)pP~''PG,p is 

k 

(4.53) {{Qo,k)j^,oP^)p + Y,^Hr{Qo,k~r)Pj^)p. 

r=l 

Now, by dOU, 

(4.54) r^,p = p-'^a^fa^* = P^pTf^pP^p. 
Thus by flOK|l . (P3H|1 and we get 

fc-i 

(4.55) (3o,fe = {Qo,k)^,0 + ^ Hk-r{Qo,r)- 

r=0 

By (I07j) and (IOH|l . for f G ^°^(Xg, End(EG)), there exist polynomials Gr(f)(^°, ^'°) 
with the same parity as r such that in the normal coordinates as above, 

oo 

(4.56) PcpiPcp ~ ^(a(f)P5f)pP~^; with Go(f)(Z°, Z") = f (xo). 

r=0 

By fOTfl . (H3H|1 . (Pg,p)^ = -Pg,p and by proceeding as in (g^Sj), we get 

r r 

(4.57) a(f) = 5^if.(a-.(f)) = {Gr{i))^,0 + J2H^{Gr-^{^)). 

i=0 i=l 

From (j4.48p . we define 

(4.58) goix)=2-L^ix). 

Assume that we have found gi G ^'^(Xg, End(£'G))) (^ < ^o); self-adjoint sections 
such that (j4.37j) holds for m = k^. 

We claim that Qo,2ko+i is determined by gi,{l < ko), and there exists gko+i ^ ^°°(-^G5 End(-E'G)) 
self-adjoint such that (5o,2fco+2 is determined by gi {I < ko + 1). 

By flOTjl . (jOKIl and for < /c < 2A;o, 

(4.59) Qo,fc= 1] ^,((70. 

2l+j=k 
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Then by (p37|l and (ICTll . for m = 2ko + 1, 

■m-l [r/2] 



(4.60) go,m = (Qo,m)^,0 + XI ( ^'■-2/(^7/)) 

r=0 «=0 

= (<5o,m)^,0 + Z Hm-r{Gr-2l{gi)) 
1=0 r=2l 

= (Qo,m)if,0 + Z {Gm-2l{gi) — {Gm-2l{gi)) ^ ,{ 
1=0 

Set 

(4.61) = (<5o,m)i?,0 — Z {G„i-2l{gi))^,0- 

1=0 

Then by fl4.45|) . ()4.52|) . JF^ is a polynomial on with the same parity as m. Moreover, 
as Tjp and gi are self-adjoint, we know that 

(4.62) ^S.o(^°'^°) = (-^S.o(^'°'^°))*- 

Let J-'m be the degree i part of the polynomial JF„ on z^,z'^. 
We need to prove that for m = 2/co + 1, 

(4.63) J^^) = for z > 0. 
Set 

g ^ii^^o, 2/o) = ^S.o(0'^'°) e End(EG,.o), 

F«(xo,yo) = {F^\yo,Xo)r e End{EG,y,), 

with uq = exp-^^ {Z"^) , they define smooth sections on a neighborhood of the diagonal of 
Xg X Xg- Clearly, Fm''(xo, ?/o)'s need not be polynomials of and z"^. 

Let ■?/' : R — > [0, 1] be an even function such that ip{u) = 1 for \u\ < Sq/A and for 
|m| > eo/2. 

Let d-^°{xo,yo) be the Riemannian distance on Xg- 

We denote by {ipFm Pg,p), {PG,p'4'Fm) the operators defined by the kernel {il){d^'^)Fm Pg,p){xoi Vo), 
{PG,p'ip{d^°)Fm){xo,yo) with respect to dvxaiyo)- Set 

ko 

(4.65) P,,,, = r^,, - Pg,p E - E(^<+i^«.p) 

1=0 i 

By (033), (jCTll and (ICTll . 



(4.66) 



1=0 



< Gp-'^-'il + v^|Z'°|)*^exp(-v^VP|^'°|) + ^(p- 
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Then by ()4.53p and ()4.66|) . there exist polynomials Qcr.fco with the same parity 

as r such that for k > 2kQ + 2, the kernel of the operator Pp^ko has the expansion at the 
normal coordinate of xq, as 

k 

(4.67) |p-"+'^oPp,fc„(0,Z'0)- {Qo,rMP^)iO,VpZ'>- 

r=2fco+2 

< Cp-(*=+i)/2^1 + v^|^'°|)*' exp(-VC^v^|^'°|) 
We denote by Ql^ko ^^e operator defined as in ()4.65|) by the kernel Qor A:o('''0) 2/o) 

Set 

(4.68) irp,fe(xo,?/) = Vlc^^^la^cZ/) )^p,fco (3^0,1/) - Qo,r,koP'Hxo,y)- 

r=2fco+2 

Then by (HlTfll . 

(4.69) |irp,fc(xo,2/)| 



< c'p--o-(fc+i)/2^^ ^ v^rf^o(a;o,Z/))'^exp(-v^v^t/^"(a:o,Z/)) + 
Thus for any s E '^°°(Xg, ® ^g), 

||^p,fcs||^2 < / ( / \Kp^kixo,yo)\dvxG{yo. 



X ( / |frp,fc(xo,?/o)lk| {.yo)dvxGi.yo))dvxG{.xo) 
^ Jyo&Xc ' 

<Cj9-('=+i)p||i,. 
In the same way as in ()4.7()|1 . 

(4.71) \\Qlr,kAl^ < C\\s\\h. 
Moreover, by Theorem 10.11 ()4.65p . we get 

(4.72) |((1 -^(rf^«))Pp,,J(xo,i/o)| = ^(P"°°). 

From pi^ . (jUini), (FTT]) and pTT^ . we know that there exists C > such that for 

anysG<^°°(XG,L^®^G), 

(4.73) ||Pp,,„s|U2 <Cp-(^'«+i)||s|U2. 
Let Pp*fc^ be the adjoint of Pp^ko- By (HTHll . 

(4.74) ll^pVIU^<Cp-('="+^)||.|U.. 
But 

(4.75) P;,,„ = Tf,p - Pg,, 9ip-'PG,r - Y(Po,p^^iLi^P^-'''^'-'^^'. 
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By ()4.47|) and the Taylor expansion of F^^o+i under our trivialization of Eg by using 
parallel transport along the path [0, 1]3 u uZ'^, we have that in the sense of ()4.66p . 



(4.76) $^(Pg,p<+i)(0, 

i 

a,i,r 

By (gSni), (Pnjl . (jlTHIl and K7^ . we know that all coefficients of ^(-^^o-i+J)/^ for 
j > of the right hand side of ()4.76p should be zero. Thus we get for any j > 0, 

(4.77) E E J^AO.V¥Z'°)-g§^iW-^^-0. 

i=j |a|+r=0 ^ ^ 

From ()4.77|) , we will prove by recurrence that for any j > 

(4.78) ^|^i±l(a;o,0) = forz-|«|>j>0. 

In fact, for j = degF2fe„+i in (glZD, by (jOHl), we get F^.^'+f Vo, 0) = 0, thus 
dTZHl) holds for J = degF2fco+i. 

Assume that for j > jo > 0, ()4.78|1 holds. Then for j = jo, the coefficient with r > 
in pTTIl is zero, thus by (IOH|l . (HTTjl reads as 

From ()4.79|1 . we get ()4.78p for j = jo- The proof of ()4.78j) is complete. 

By fHTill . and (jHZHD, by comparing the coefficient oi p-(.^''o+i)/-i ^[J^ and 

dHZHl), we get 

(4.80) ^S.+i(^o, ^'°) = -^S+i..o(0'^'°) + ^i\Z'T')- 
Thus from (ITOj) and (ICTHl 

(4.81) i^i:i-M(^'°,Xo) = (^£U,.o(0'^'°))* + ^d^'Y^'). 
Let jxc : — > X be the diagonal injection. By ()4.64|1 . 

(4.82) ^^,+1 = nearj^jXc). 

By fl4.64|) again and recurrence, for a G M"""""", if aj > 0, by taking a' = (cto, ■ ■ ■ , «j — 



1, ■ ■ ■ ,an-no), one has 



^^0,0' f)^'P" 2A:o+lV ' 



= 0. 

0,0 



But by for |a| < i, 

(4-84) ^<+i(-,^o)U.o = ((^^SU.o)(0>^'°))*- 



76 XIAONAN MA AND WEIPING ZHANG 

From ()4.83|) and ()4.84p . the a-derivative for |a| < i of Fm]xo{xo, ■) is zero at Xq. Thus 
(4.85) ^W^^(0,^'0)=J-«,^(zO,0) = 0. 

Now, we consider the operator 

then the leading term of its asymptotic expansion as in (j4.45j) is 
(4.87) (^^2,^^^^^J(^^o^ ^_,o^p^^^^o^ ^_,0)^-(2.o+i)/2_ 

Here by ()4.85|) ). {-^J-'2ko+i,xo){z'^,z"^) is an even degree polynomial on and its 

constant term is zero. Now, by proceeding as ()4.65|1 - ()4.84|1 for the operator ()4.86|1 . by 
IKW^ . we get 

(4 88) z"^) - (z^ z'^) - n 

By continous this processus, we get ()4.(')3|) . 
This means that (5o,2/co+i verifies also ()4.59j) . 

By the same argument, ()4.fj()|l still holds for m = 2A;o + 2. Thus we can define 
(4-89) ^7.o+i(xo) = = -^2S+2,.o(0' 0)- 

By proceeding exactly the same proof as before, we get ()4.63|) for m = 2ko + 2. Thus for 
k = 2ko + 2, still holds. 

As '^G,p,'^f,p, 91 (1 < ^ < ^o) are self-adjoint, Qko+i is also self-adjoint. 

By recurrence, we know that there exist gi^s such that ()4.37j) holds for any m. 

The proof of Theorem 14.41 is complete. □ 

Corollary 4.5. For /i,/2 G ^°°(X), we have 

(4.90) [r^,„ Tf,j = ^^Pg,p It^' Pg,p + 

Here { , } zs the Poisson bracket on {Xgj^tiujg): for gi,g2 G '^°°(Xg), if C,g2 is the 
Hamiltonian vector field generated by g2 which is defined by 2TTi^^^ujG = dg2, then 

(4.91) {9u92} = ^g,id9i)- 

Proof. By applying j2ZI or ^Hl §5.5], (cf. ^ for another approach where they worked 
for E = C), from Theorem 14. 4[ we get immediately ()4.9()j) . □ 

Lemma 4.6. Let 

oo 

Tp = J2 Pg,p9iP-'Pg,p + ^{p-n ■■ H\Xg, 1% ® Eg) ^ H\Xg, ® Eg) 

1=0 

be a Toeplitz operator with principal symbol go G ^°^{Xg, End(i?G)) ■ Then 

i) U 9o is invertible, then is a Toeplitz operator with principal symbol g~^\(\EG- 
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1 II 

ii) If go = gld-Ea '^^^^ 9 ^ ^°°{^g), fl' > 0, and Tp is self-adjoint, then Tp is a 
self-adjoint Toeplitz operator with principal symbol g^^"^ IdEc- 



Proof. We only prove ii), the proof of i) is similar and simpler 
Eg 



As g > 0, there exist Cq, Ci > such that Cq < g < Ci. Thus for any s G H^{Xg, Lq(, 



(4.92) {TpS, s) = {gos, s) + \\s\\l, > [Co + ^ j ll^Hi^. 

Thus for p large enough, Tp^^ : H^Xq, ® Eg) -> H^{Xg, ® Eg) is well defined. 

Let 5i be the smooth bounded closed contour on {A G C, Re(A) > 0} such that 
[|Co, 2Ci] is in the interior domain got by 5i. 

As in the proof of Theorem 14. 4t by recurrence, we will find fi G End(i?G')) 
such that 



1=0 



(4.93) = (T^,p)2 + ^(p-™-i) with Tm,p = J2PG,pfip-'PG 
Then for p large enough, 

(4.94) - r„., = ^ / A^/^ [(A - Tp)-' - (A - (r„,,, 

= 7^ / AV2(A - Tp)-\Tp - {Tm,p)'){X - {T^,p)Y'dX. 

If (I4.93|) holds, then by (|4.94j) we know that in the sense of the operator norm, 

(4.95) T^/^-T„,j 



p '•-m,p 

To complete the proof of Lemma [4.61 it remains to establish (|4.93p . 
By flOTfl . there exist Qo,r e End{EG)xo such that in the sense of (lOHll . (lOTfl and 
(11321), 



(4.96) Tp ~ 5^(Qo, 



-r/2 

.nJU.r-i ^ jpjj 
r=0 

We will prove by recurrence that there exist /; G ^°^(Xg, End(-E'G)) self-adjoint such 



that for any /c G N, 

(4.97) j9-"+""(T, - (T,,,)2)(^Z°, v^Z'°) 



< p-(2^'+i)/2(l + ^\Z'\ + ^\Z'^\)''exp{-Vc^y^\Z' - Z'^\) + 
Set /o = ^^/^ Idsg. Then is verified for m = 0. 

Assume that for k < m, we have found /; such that ()4.93p holds. If we denote the 
expansion of (T^.p)^ in the sense of ()4.47p . 



(4.98) {T^,p)' ~ X^(Q^,P„ 



r=0 
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Then by the proof of ()4.59|) for 2kQ + 1, 

(4.99) QS:2m+l= E Grigi) = Qo,2m-,l- 

2l+r=2m+l 

Thus by flOHl) . (I07I) stills holds when we replace the factor p-(2m+i)/2 p-m-i 
right hand side of ()4.97p . Thus 



(4.100) T,-in,pfr^ Yl iiQo,r~Qo,r)P^)pP~ 



-r/2 
r=2m+2 

By (11321), (ICTinil . we know that 

(4.101) Qo ]2m+2 — {Qo,2m+2 — Q™2m+2)^,0- 

This means that Qo,2m+2 — Q^2m+2 is a polynomial on 2;°, with even degree. 
Set 

(4.102) ^+l(Xo) = -\g-''\Qo,2.^+2 - Qt2m+2m^)- 

Then by the proof of ()4.59p . for 2A;o + 2, we know that the polynomial (5o,2m+2 — Q^2m+2 
equals to the constant —2g^^'^fm+i- Thus we prove fl4.97|) for /c = m + 1. 

By the above argument, we have established ()4.93p . thus Lemma f4. 61 □ 

Since the isomorphism ap : H^{X, U' ® E)'^ —>■ H^{Xg, Lq (g) Eq) is not an isometry, 
we define the associated unitary operator, 

(4.103) = a^*ia^ o a^T'^' : H\Xg, 1% ® Eg) -> H\X, ® Ef. 
Theorem 4.7. Let f he a section o/End(£') on X. Then 

(4.104) Tf^^ = ElfJ^p : H\Xg, ® Eg) ^ i/°(XG, ® ^^g) 

zs a Toeplitz operator on Xg- Its principal symbol is G ^"^{Xg, End(i?G'))- 
Proof. By flOHl and (01103), 

(4.105) T);^ = (P^«)-^ry,,(Pp^«)-i 

By Theorem 14. 4| ()4.32p . V^^ = p~^<7p o a^*, Tj^p are Toeplitz operators on Xg with 

principal symbols 2"°/^//i^(a:), 2"''/^^(x) respectively. 

By Lemma we know that (Vp^)'^ is a Toeplitz operator on Xg- 

By fl4.105|l , Tj^p has the expansion as ()4.45|) . By the proof of Theorem 14. 4[ we then 

know that T^^ is a Toeplitz operator. □ 

Remark 4.8. i) Certainly, by combining the argument here and Section 03 we can get 
the corresponding version when Xg is an orbifold. 

ii) When E = C, and / = 1, from Theorem 14. 4[ Vp^ is an elliptic (i.e. its principal 
symbol is invertible) Toeplitz operator. This is the analytic core result claimed in 
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iii) When E = C and G is the torus T"°, Theorem 14.71 is one of the main resuhs of 
Charles p31 Theorem 1.2], and in ^Hl §5.6], he knew also that Vp'-^ is an elliptic Toeplitz 
operator. Moreover, he established the corresponding version when Xq is an orbifold. 

If X is only symplectic and J = J, then as the argument in [101 §3e)], J induces 
an almost complex structure Jq on (TX)b, and Jq preserves Nqj = Nq © Jg^g and 
TXq. Thus one can construct canonically the Hermitian vector bundles Nqj^ etc, which 
further gives the canonical identification of Hermitian vector bundles 

(4.106) A(T*(°'1)X)bUg = A(Ar*(y))gA(T*(0'i)XG). 
Let q be the canonical orthogonal projection 

(4.107) q : A{N*jy'^)^A{T<''^^XG) ®LI®Eg^ A{T*^''^^Xg) ®LI®Eg 

which acts as identity on A(T*(°'1)Xg)®L^®^g and maps each K\N'^y^)®K{T<^'^^ Xq) 
®Vq ® Eg, i > 1, to zero. 
We define 

(4.108) <jp ■= PG,pq7rGi*Pp : (Ker Dpf Ker Dg,p. 
Certainly in the Kahler coincides with ()0.27|) . 

By using Theorems 10.11 IIOI as in the proof of Theorem 14.41 fcf. |27j . |28t §5.5] for more 
details on the Toeplitz operators in the symplectic setting), we get 

Theorem 4.9. Let f be a smooth section of End{E) on X , then Tj^p = cXpfcr* : 

is a Toeplitz operator with principal symbol 2""' "P"(2^)-^c®-Eg ^ 
End(A(T*(o.i)XG)®^G). 

Corollary 4.10. For p large enough, (jp in ()4.108p is an isomorphism. Thus dp defines 
a natural identification for 'quantization commutes with reduction' in the (asymptotic) 
symplectic case. 

Proof. From Theorem 14.91 for / = 1, we get 

(4.109) apa; = 2''^'/^PG,ph~^ImEaPG,p + ^(^). 

But from the argument as ()4.7H1 and Theorem 10.21 for G = 1, we get for any s G 
(]°''(Xg, ® Eg), we have 

(4.110) 1I(Wg^g,p - Pg,p)s\\l^ < -^\\s\\l^. 

Thus for p large enough, cTpCr* is an isomorphism. Thus ap is surjective. 

In view of fl().6|l . ap in ()4.108j) is an isomorphism. □ 

Remark 4.11. If we replace the condition J = J by ()3.2|) . then the canonical map ap 
in ()4.108|1 is still well defined. From the argument here, we still know that ap is an 
isomorphism for p large enough,. 
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4.5. Generalization to non-compact manifolds. In this Subsection, let {X,uj) be 
a symplectic manifold, and (L, V"^) (resp. (i?,V^)) be Hermitian line (vector) bundle 
on X, and the compact connected Lie group G acts on X as in Introduction, especially, 
to = ^^^^R^. But we only suppose that {X^g^-^) is a complete manifold. 
If G = 1, these kind results were studied in [211 §3]. 

By the argument in Section 12.31 if the square of the spin'^ Dirac operator has a 
spectral gap as in ()2.13|) . then we can localize our problem and get a version of Theorems 
10.11 10.21 from Section IT^ In particular, if the geometric data on X verify the bounded 
geometry, then verify the spectral gap ()2.13|) . 

We explain in more detail now. 

We suppose 

i) The tensors ,r-^ ,Ti[R^^^'^^^^\ are uniformly bounded with respect on {X^g^-^). 

ii) There exists c > such that 

(4.111) v^i?^(-,J-)>c/^(-,-)- 

Remark 4.12. For the operator Dp = \pl{d^ '^^ + ^j-^g holomorphic case, 

the above condition i) can be replaced by 

i') The tensors R^,R^^^'° ^,dT is uniformly bounded with respect to {X,g'^^), here 
T is the torsion of (X, cu) as in [23 §3.5]. 

Then by the argument in |^ p. 656] (cf. [26^ §3]), we know that Theorem 12.21 still 
holds. Thus Theorem 12.51 still holds. 

Let be the orthogonal projection from L'^{X,Ep) onto {Ker Dp)^, and Pp{x,x') 
{x, X G X) be its kernel as in Def. 12.31 
Note that KerDp and (KerDp)"-^ need not be finite dimensional. 

By the proof of Prop. 12.61 we know that for any compact set K G X , l,m & there 
exist Ci^rn{K) > such that for p > Cl/u, 

(4.112) \F{Cp){x,x') - P^{x,x')Wm^K>,K) < Ci,m{K)p-'. 
By the proof of Theorem 10. If we get 

Theorem 4.13. For any compact set K G X , < Eq < 6o, l,m E N, there exists 
Ci^m > (depend on K, e) such that for p > 1, x,x' e K,d^{Gx,x') > Eq or x,x' G 

{X\X2eo)nK, 

(4.113) \P^{x,x')W^r^<Q,mP''. 

From Section 12.61 we get Theorem 10.21 but now the norm ^"^ (Xg) in (limil should 
be replaced by ^'"'(if) for any compact set K C Xq- 

One interesting case of the above discussion is when P = /i^^(O) is compact, by the 
same argument as in Theorems 14. 4| 14. 9| we can prove a version of Section 14.41 

In fact, when X = C", G = T"", L is the trivial line bundle with the metric |1|/jl(Z) = 
e~'^' , the Toeplitz operator type properties was studied by Charles |15.|. 

Another interesting case is a version of Theorem 10.21 for covering manifolds. 
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Let X be a para-compact smooth manifold, such that there is a discrete group F acting 
freely on X with a compact quotient X = X/T. 

Let TTr : X — > X be the projection. Assume that all above geometric data on X can 
be lift on X. We denote by J, g^^ , uj, J, L, E the pull-back of the corresponding objects 
in Section 101 by the projection vrr : X — > X, moreover, we assume that the G-action and 
the F-action on them commute. 

By the above arguments (cf. [23 Theorems 4.4 and 4.6]), there exists a spectral gap 
for the square of the spin*^ Dirac operator Dp on X. 

By the finite propagation speed of solutions of hyperbolic equations ()2.75|1 . we get an 
extension of [201 Theorem 3.13] where G = 1. 

Theorem 4.14. We fix < Sq < mf^^x{injectivity radius of x}. For any compact set 
K a X and k,l eN, there exists Ck,i,K > such that for x,x' E K , p E N, 



(4.114) 



P^{x,x')-P^{7rr{x),7rr{x')) ^Cu,i,Kp-''\ if rf^ (x, x') < £o, 

V'-(KyiK) 



^Ck,l,Kp-'-\ if rf^(x,x') ^£0- 

'g^{KxK) 



Especially, Pp{x,x) has the same asymptotic expansion as P^(7rr(x), 7rr(x)) in Corollary 
\U.4\ on any compact set K d X . 

4.6. Relation on the Bergman kernel on X^. From ()2.60|) . if the operator 

has the form -D^-p + A^r + 47r|/ip — 27mo under the splitting ()4.106|) . then we will find 

the full asymptotic expansion of the Bergman kernel on Xq from P^{x,x'). 

In this Subsection, we suppose that X is compact and G is a torus T"-" = M^^/Z"". 

Let 9 : TP — >^ g be a connection form for the G-principal bundle n : P = /i~^(0) Xq 
with curvature 0. Let T^P = KerO C TP. 

Set M = P X g*, q : M ^ 0* be the natural projection and 

(4.115) u^' = 7r*UG + d{q, 0) = h*ujg + (q, 6) + (rfq, 9). 

By the normal crossing formula [211 Prop. 40.1], we know there exists a symplectic 
diffeomorphism such that on a neighborhood U of P, 

(4.116) : (X,a;) ~ (M,^*0, 

and under this identification, the moment map /i (cf. ()2.14|) ) is defined by — q. 

From now on, we use this neighborhood of P and we will choose metrics and connec- 
tions. 

Let be the metric on q induced by the canonical flat metric on M"", and {Ki} be 
the canonical unitary basis of W^'^ . 

Now we choose J an almost -complex structure on TX compatible with uj such that on 
T^P on f/, J is induced by an almost-complex structure on TXq which is compatible 
with ujg, and on g © g*, for K e JK e Q* is defined by {JK,K') = {K,K')q for 
K'eg. 

We also suppose 9 is J-invariant. 
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Let g"^-^ be a J-invariant metric on TX such that 

(4.117) g^^ = 7r*g^^^ ® g^ ® g^' on U. 

As g^ is a constant metric on TY = g, V"'"^ is the trivial connection on TY. By (II. 7|) . 
on U, 

(4.118) Vj^S = Vjf- + Vj]: + ^(t/f). 

Let V'^^^g"/') be the trivial connection on the trivial bundle A{N^^y^) (cf. (I4.1()(i|) l 
on [/, and V^"^-^g be the Clifford connection on A(T*(°'1)Xg). 
By fj4.118p . under the identification ()4.106p . on U, we have 

(4.119) = V^T"- Id + Id ® V^f ^'"''^ + i(5(ef )ef , ir.)c(ef )c(ir,) 

= V^f ® Id + Id ® V^r^-"'''^ + ^(e(e„ e,), ir,)c(ef )c(irO. 

However, the last term does not preserve 

From dTHUll and (I4.119jl . in general, $£p$"^ will not preserve A(T*(°'^)Xg) and 
AiN*^^^) if e is not null. 

Now, we suppose that = on Xg- 

In this situation, on B = U/G C Xq x g*, by (j'i.bCH) . we have 

(4.120) = - $^(V^;^^'"" V + 47r^|qp - 2non. 

I 

By Theorem IU.21 Section \'3.2\ and ()3.19|) . we know that the asymptotic expansion of 
the Bergman kernel has the following relation for (x, Z"*-) G Nq^x, {x', Z'-^) G Ncy, 

(4.121) P^«((x, Z^), (x', Z'^)) = Pg,p(x, x')PAZ\ Z'^) + 0(p— ). 
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5. Computing the goeffigient $i and P^^\o,0) 



In this Section, {X,uj,J) is a compact Kahler manifold, g^^ is a G-invariant Rie- 
mannian metric on TX which is compatible with J. {E,h^), {L,h^) are holomorphic 
Hermitian vector bundles on X, and V^, are the holomorphic Hermitian connections 
on {E,h^), {L,h^). Moreover, 



The action of G is holomorphic and G acts freely on P = yu~^(0). Thus {Xg,ujg, Jg) 
is a compact Kahler manifold. 

In Sections l5.HI5.5[ we suppose that in ()().2|1 . J = J on a G-neighborhood U oi P = 



We will first compute explicitly the terms Oi and O2 involved in P^^^ in ()3.32|) . ()3.62|) . 
and then compute the integration of P'-^-* along the normal spaces to Xg- 

Sometimes the computations seem to be long and tedious, involving many subtle 
relations between metrics, connections and curvatures near Xg-, but fortunately the final 
result on <l>i is still of a simple form, as expected. 

Throughout the computations below, a key idea is to rewrite all operators by using 
the creation and annihilation operators bi,bl, bj-,bj'~^, then under the help of ()3.9j) and 
Theorem 13. H we can do the operations and to obtain the crucial Lemmas 15. 9^ 15. Ill 

To get the final simple formula ()().25|1 . we still need to prove a highly non-trivial 



The formula for P^^)(0, 0) in Theorem 10. 71 is quite complicate, it involves h, the volume 
function of the orbit and the curvature for the principal bundle P — > Xg- 

This Section is organized as follows. In Section IKT!] we explain various relations of the 
curvature of the fibration P Xg and the second fundamental form of P. In Section 
15.21 we obtain the explicit formulas for the operators Oi, 02- In Section f5.31 we apply 
the formulas in Section 15.21 and ()5.H) to ()3.3H) , and we get a formula for the coefficient 
$1. In Section we compute finally $1, thus prove Theorem IU.6I In Section 1331 we 
compute P*-^^(0, 0) in Theorem IU.7I In Section ESI we explain how to reduce the general 
case to the case J = J which has been worked out in Sections 15. 1115. 41 

In the whole Section, if there is no other specific notification, when we meet the 
operation | P, we will first do this operation, then take the sum of the indices. 

5.1. The second fundamental form of P. We use the notations in Sections 12. 2[ 12.31 
Then the normal bundle Ng of Xg in f//G is {JTY)g- 

Let L : Xg ^ U/G he the natural embedding. 

We will apply the notation in Section 11.11 to B = U/G. 





identity ^HM- 
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Let V^^"^, V^'-' be connections on TXg, Nq on Xq induced by projections of V^^\xa- 
Then V'^^'^ is the Levi-Civita connection on {TXg, g^'^^)- 
Let 

(5.2) °V'^'' = V'^^« © 

be the connection on TB on Xq induced by V"^"^*^, V^'-' with curvature ^EF^ . 
Set 

(5.3) A = V^^Ua-°V^''. 

Then A is a 1-form on Xq taking values in the skew-adjoint endomorphisms of {TB)\xq 
which exchange TXq and Nq- 

We recall the following properties of l^^: for [/, V, W2 G TB, 

{R^''{U, V)W, W2) = {R^''{W, W2)U, V) , 
^^'^^ R^^{U, V)W + R^^{V, W)U + R^^{W, U)V = 0. 



On Xg, let {e^} be an orthonormal frame of TXg, let {ef} be an orthonormal frame 
of Ng, then {cj} = {e^, ej~} is an orthonormal frame of TB. 

The following result gives detail informations on the torsion T of the fibration, as well 
as the second fundamental form A. 

Theorem 5.1. On P, the restriction of the tensor {JT{-, J-), ■) on (Ng)'^^ is symmetric, 
and 

(5.5a) (A(e°)e;)^ = ljT(er,^er), 

(5.5b) T(er,er)=n(^ce°)^,(Jce;)^), 
(5.5c) T(er , ej'"") = 2T(( J^e")^, Jef'""), 

0,H ±,H\ J ±,h\ _ I rpi 0,H ±,H\ J ±,H 



(5.5d) (T(er,e,^'^), ; = {Tie^ , e^'^. Jej 

(5.5e) E^(-^"-D'^-^")=0- 



k 

Proof. Observe first that we have 

(5.6a) V^^ J = 0; 

(5.6b) (J^e°)^ = Je°'^ on P 

Let Z be a smooth section of TY, then JZ e JTY C T^X on P, by (HHj), dSH) and 
(I5.6a|) . on P, we have 



(5.7) ( J(A(e°)e°)^, Z) = - (vp^^ JZ) = - (v^^^ JZ 

y^m^), Z) = {Sief^)je^'^, Z) = -\ {T{er,Jer), Z 
Thus we get (jK3ajl . as A(e°)e° G Ng. 
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Note that [Z,ef] E TY, by ^ and 

(5.8) (T(ef , ef ), Z) = 2 (vJ/Z, ef ) = 2 (V^ef , ef > = 2 (V^l Jef ), Jef > . 

From (15.6 bj) and (Oil , we get (15.5 bjl . 

From (Hm), dEHl) and Je^^'^, Je^'" G TF on P, we get 

(5.9) (T(e°'^, e^^'^), z) = 2 (5(Z)( Je°'^), Je^^'^) = 2 (t( Je°-^, Je^^^^), z) . 
Thus we get (|^3c|) . By dEBl), dSiHl), we get 

(5.10) (T(er , e^-), Je^^) = 2 (t( Je^ , J^^'-), Je^'^) = (T(e°^- e^'^), Je^^'^) . 
Thus we get (|53dll . By dTTD, (Uniifl and Je^^"^ G TF on P, 

(5.11) (T(e^« Je-"), Je^") = (v^l^ef Jej'") 

= - {v^,!MJet-").ef-«) = (V™.,»e,^-Ve^'') = {T(ef-»,Jet-\jet«) . 

By (ll.(i|l and ()5.1ip . {JT(-, J-),-) is symmetric on the horizontal hft of Nq^. 
Note that {Je^' } is a G-invariant orthonormal frame of TY on P, by ()5.8j) . 

(5.12) (T(e^- e,-'-), Je^^) = 2 (v^ ,.(Je^-), Je.^'-) . 

By (ll.9|l and ()5.12|) . we get ()5.5e|l . The proof of Theorem 15. II is complete. □ 

Remark 5.2. From p.6|) and ()5.5b|) . Q\xg is a (1, l)-form on Xq- Especially, for any 
complex representation V of G, PxqV is a holomorphic vector bundle on Xq- Moreover, 
by ()5.5ap . for U G TXq, V G Nq, we have at Xq, 

(5.13) A{U)V = {AiU)V, e?) e? = - (y, A(f/)e;> ej = ^ (T(^, Je°), JV) e?. 

For a;o G Xq, if {ej"} is a fixed orthonormal basis of Ng^xq as above, then for U G T^^Xg, 
we will denote by 

(5.14) = (JTiet, Jef), ei) , = {JT{ei, ef), ef) , %,{U) = {JT{U, ef), ef) . 

By Theorem 15. H Tij^ is symmetric on k and Tj^ G T*^Xg is symmetric on j, k, Tij^ 
is anti-symmetric on 

Remark 5.3. From Remark 11.21 and ()5.12|) . we know that {JT{-, ■), ■) is anti-symmetric 
on (Ng)'^^ if (7^^ is induced by a family of Ad-invariant metric on g. If G is abelian, 
then by (ITT^ . (PH^ . T(-, ■) = on (A/'g)®^ thus 7^^^ = 0. 
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5.2. Operators d, O2 in (j2.1()3|) . We use the notation in Sections EH O and all 
tensors will be evaluated at xq G Xq- 

Recall that {X,uj) is Kahler and J = J on a G-neighborhood U of P = /i~^(0), then 
in (USD 

(5.15) tti = af = 2tt. 

Clearly, on U, the Levi-Civita connection V'^'''" preserves T^^'^^X and T^^'^^X, and 
yT(i''')x _ pT(i''^)xyrxpT(i'")x ^^iq holomorphic Hermitian connection on T^^'^'^X, 
while the Clifford connection V^^'''^ on A(T*^^'^^ X) is ^Ht*'-°''^^x) ^ ^^le natural connection 
induced by V^'^'"''^. 

Let ^^'* be the canonical formal adjoint of the Dolbeault operator on 
n°''(f/, LP^E). Then the operator Dp in ^^V^ is 

(5.16) D, = V2(9"^^%9"^^^'*). 

Note that Dp preserves the Z-grading of fl^''{U, W ® E). 
Set 

(5-17) Dp_j = Dp|^o,.(^7,LPcg)£;)• 

Since V^''^ preserves the Z-grading of A(T*(°'^)X), the operator ^2 i^ ()2.101|) also 

preserves the Z-grading on A(T*'^°'^^Xo). Moreover, ^2 is invertible on ©^=if2°''^(Xo, LFq® 

Eq) for t small enough. 

From Section EH for P^'") in dlTT^ . 

(5.18) = Wg^^'^Wg- 

Thus we only need to do the computation for D^ q. 

In what follows, we compute everything on '^°°[U, U ® E). 
Take Xq G Xq- 

If Z e T^,B, Z = + Z^, Z^ e T^^^g, e \Z^\ < e, in Section 



we identify Z with exp^ xq tzo(^"'")- This identification is a diffeomorphism from 

B'^^'^{0,e) X B^^{0,e) into an open neighborhood %'{xo) of xq in B, we denote it by \Ef. 
Then ^(xo) n Xg = 5j„^G(0,e) x {0}. 

In what follows, we use indifferently the notation B^^^{0,e) x i?^(0,e) or '^{xq), xq 
or 0, ■ ■ ■ . 

From now on, we replace U/ G by M^n-no ^ Tj-^i? as in Section 12. 6[ and we use the 
notation therein. Especially, 

(5.19) Vt = tS-^K^'^V^^'^^^^K-^'^S,, 

and Or in ()2.1()3|1 takes value in End(i^^B). 

Let {e°}, {ef} be orthonormal basis of T^qXc, Ng,xo respectively. We will also denote 
^,(6°), ^,{ef) by el ef. 

Let {cj} denote the basis {e°, ef}. Thus in our coordinates. 
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We denote by {g'^^Z)) the inverse of the matrix {gij{Z)) = {gJ-^{Z)). 
Recall F-j is the connection form of V"^"^, with respect to the frame {ci}, defined in 
(l'2.1()7|) . Also recall that 7^, 7^° and are defined in (ETTfl . 
As in ()1.14|1 . the moment map /x induces a G-invariant section Jl of TY on U . 
Note also that by pl^ . i?f G End(E) defines a section of End(EB) on S = 
Set 



(5.21) ^3*(z) = (v,., V,., - trf,(tz) Vi,e, 

By dZEOl), (j'^-Klljl and (f^TT]) . we can reformulate dZHH, (j'^.nOjl . in using the nota- 
tions in (jH.lOj) . as follows, 



n— no no 

(5.22) = E ^^'^T + E = - E(Vo,e,)^ + 4vr^|^^r - 2vrn, 

^2*(Z) =^3*(Z) +47r2|i/I ' (tZ) - (47rv^/I + t2/I^,/I^> (tZ). 



If there is no another specification, we will evaluate our tensors at xq, and most of 
time, we will omit the subscript Xq. 
Set = hxQ, and for U G T^^B, set 



2 — ^ a! 

I«l=2 

/i = -B(Z,e,)Vo,e, - ^Ve,(5(Z,e,)), 



(5.23) 



/2 = ( (^i?^^-(7^^ e°)7^° + V^^(A(e°)7^^), eA + (e°, V^^(A(e°)7^^)> 



- 3 (A(e°)7^^ A(e°)7^^> + (i^^^(7^^ e°)7e^, 6°) j Vo,eoVo,eO 
+ ( (i^^-(7^^ e;)7^^ ei) + ^ (/^^^(7^^ e;)7^^ e^> ) Vo.xVo.o 



Recall that the operator ^ has been defined in fl3.1()j] . 



Set also 
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(5.24) i^2(7^) =\ (/^^^-(7^^e°)7^^e°> + (i?^^(7^^e°)7^^e°> 



i 

-|A(e°)7^^r + 2(vJf-(A(e°)7^^),e°>. 

Lemma 5.4. There exist second order differential operators O'^ as in Theorem \2. 1 1\ such 
that for \t\ < 1, 



(5.25) ^3* = ^3° + ^rc; + 



L -r V 

r=l 

with 
(5.26) 

no 

= - ^(a,/^^^),o(7^, e,)z, Vo,e, - hm'^n^.in, e,) - 2 (A(e°)e;, 7^^) Vo,eO Vo,eO, 



=/i + ^2 + [^A^2(7^) (^(^°)^?' ) -^^ 



-2(A(e°)e°,7^^> (^(a,i^^-),,(7^, e;)Z,Vo,eO + ^(aX").o(7^, e°) 
+ (^,,(7^),e,■) Vo,e, - ^(A(e°)e°,7^^> V^(,0),o +2(A(e°)e°,7^^> V^(,0),o 
+ ^ (/^^^(7^^, e^)e^ e,> Vo,e, - e.)Vo,e, - 

- ^ E [E(^^-^^")-o(^' e,)^,] ' + ;^(Ve,Ve,/i - V^(,0),o/z),„. 

Proof By (jTTTn|l and (jOT^ . 

(5.27) V,e, = «:i/2(tZ) (Ve, + + ^(9,i?^-).„Z, 

\a\=2 

To get (|5.26p . we could use (j2.93|) - (|2.97|) . while here we will get it directly from the 
local computation. 
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By P Prop. 1.28] (cf. [2H1 (1-31)]) and TUm . 

(5.28) 

Moreover, for W,V e N^^, •jsit) = t(W + sV)) is a family of geodesies from 0). 
Set Y = |7s(t), X(7s(t)) = f 7s(t) = tV^- 

Since Vr>^ = 0, V^^X - V^^^F = [Y, X] = 74|, f ] = 0, we get 

(5.29) = V^^V^^F = V^^V^^X - i?^^(F, X)y. 
Take = e^, we get at s = t = 0, 

(5.30) (V^^V^^e,^)^o = ^V^^V^^V^^X = ii?^^(iy, e,^)iy. 

Under our coordinate, we have 

(Vr;e^).o = {V:['e% = {V^feiU = 0, {V^fe^, = A.„(e°)e°, 
iV:Fe%. = {V:^efU = AM)ef, 

(5.31) (V^?e,^)z = 0, 



(Vff e,^)zo = (V^ge^)^o = 0. 



Moreover, by (jEl), (ISI2H1), and (jKlTT]) (comparing with [25", (1.31)]), we have at 

Xq that 



VS^Vrf = 



(5.32) 



= ^^"^^(e°„ e°)e,^ + A{el)A{e^)ef + V^^^ {A{e^)ej), 

3 k k ] 



Vro^V^^e" = Vjo^-V^^-e° + Vro^(A(e°)e°^ 



= ^^^^^(e^, e])4 + In^^'-iel 4)e] + V5^(A(e;)e°). 

In the following, for a tensor and the covariant derivative acting on ip induced 
by V"^"^, we denote by 

(V^V^^)(e,e,,c;e,) = ^4 ( V^. VS^).^ . 
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From ()5.32|) . we get at xq the following formula which will be used in ()5.37|) . ()5.38|) . 

(EHi and (inSZD, 

(5.33) (V^^V^^e,^)(^o,^o) = A{n')A{nyf + V^^^ {A{el)ef)Zl 
(V^^V^^e,^)(^o,^x) = 0, 

Note that by (ESU, V^^(A,o(eO)eO) = A{'JZ')A,,{e'^)el 
From (fO^ . we get 

{V:Feih = lR^^{n\ei)ei + ff{\Z\% 

(5.34) ^7"^^' = ^-(^°)^° - V^''(^^'o(^°)^°) + ^^^^^(^°, e°)e° + V^?(A(e°)e°) 

+ A(e°)A(e°)7^^ + VJ^-(A(e°)7^^) + i^^^(7^^ e°)e° + ^(I^H 



= A,,(e°)e° + ^,,(7^)- 
Thus by (jESD), (fHl?^ and at Xq, 

(5.35) V^o V^x (e,^ e°> = (V^fe,^ V^?e^> + (e,^ V^^V^?e°> 

= l(i?^«(7^^e°)7^^e,^>. 

On the other hand, we have the following expansion for {ej, ej)^, 

(5.36) {ei,ej)z = (ei,ej)^o + (V7^x {ei,ej))zo + ^(VV (e^, ej))(7^±,7^±),^,„ + ff{\Z\^) 

+ ^ ((V^^V^^e.)(^x,^.),e,> + i (e., (V^^V^^e,)(7^x,,^x)> + ff{\Zf). 
Thus by (jOHl), don, (lESi and jESHD-dESEI), 

(5.37) (e°, e°>^ = 5., - 2 (A.o(e°)e;, 7^^> + ^ (i?^^-(7^^ e°)7^^ e?) 

+ (V^^(A(e°)7^^),e?> + (e°, V^^(A(e?)7^^)> 

+ (A(e°)7^^, A(e;)7^^> + (i?^^(7^^, e°)7^^, ej) + ^(jZ^, 
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and 



From (IH:^ . (f07j) and (fOH|l . we get 

(5.39) 

det^7,,(Z) = 1 -2(A,o(e°)e°,7^^> + i^'2(7^) + ff{\Z\^). 
K^{tZ) = {detg,^f/\tZ) 

i 

/ 5/2 . \ 2 +2 



i 

Moreover, as a 2 (n — no) x 2(n — no)-matrix, we have 



(5.40) ((5., - 2 (A.„(e°)e°,7^^»j = (5., + 2 (A.„(e°)e°, 7^^» 

+ 4( (A,„(e°)7^^ A,,(e?)7^^> ) + (^{\Z\^). 

Note that from (jSll), (EI22I), 

(5.41) [(A(e°)e°,7^^>,^°] = 2(A(e°)e°,e^>Vo,,x. 

Thus from jOZI), (EMI), (f07|) - (0n|l . the coefficients of t, in the expansion 

of (7*^(tZ)tr^^.(tZ)Vi,e, =t^?^^(t^)Vi,(vTB,^.)(i^) are 

(5.42) (A(e°)e°,e^>Vo,,x; 

2 (A(eO)e°, 7^^> V^(,0) o + (^,,(7^), e,) Vo,e, + | (i?^^(7^^, e,^)e^ e,> Vo,e, 



1 



1 



A(e°)e°,7^^> , V^(,oy. + -(9fci^^-).,Zfc(7^, A(e°)e° 



By (jEHD, (IH^ and dSZZD-dElS), the coefficient of t in the expansion of is O'^ in 
We denote by [A, B]+ = AB + BA. 
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By dUn}, (IE2ZI), (IH^ and (|S3Z|)-(|Eini), the coefficient of in the expansion of 

ij/ 



^i-{9'HmitZ)Vt,e, is 



(5.43) /2-2(A(e°)e;,7^^> [-Vo,eo(5fci^^-),,,(7^, 6°)^, 



^(M^-).„(^,e°)Z,Vo,eO - ^[(A(e°)e°,7^^> , Vo,eoVo,eo] 
+ Ji + (A(e?)e°, 7^^> , [^(9fci^^-),,(7^, e,)Z,, Vo, 



Here /2 is from the coefficient of in the expansion of the second term is the product 
of the coefficients of in the expansion of g^^ and Vt,ei'^t,ej', h is from the coefficient of 
t"^ in the expansion of i?^^ , the fourth term is from the product of the coefficients of 
in K^/^, and in k~^^'^V t,e,^ t,e,f^^^'^ (cf. (j5.27|) ). the fifth and sixth terms is from the 

coefficients of in the expansion of k^/^, and the product of the coefficients of 
in the expansion of k^^^ and k^^/^; the seventh term is from R^^, and the eighth term 
is from the product of the coefficients of in the expansion of i?^^ . 
Certainly, 



(5.44) - (A(eO)e°,7^^>,[(9fci^^^),,(7^,e,)Zfc,Vo,eJ 



;(9fc/^^^),„(7^,A(e°)eO)Z, 



By 1)5.411) . ()5.42|) . ()5.44|) and by the fact that A{e'^)e^ is symmetric on we see that 
the coefficient of in the expansion of is O2 in ()5.26|) . □ 



To simphfy the notation, we will often denote by Cj the lift ef of Cj. 
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(5.45a) (a,i^^^),„(7^,Q)^. = -3v^7^(JT(7^,eO - JT(7^^ P^^^q), 7^^> , 
(5.45b) ^B{Z,er) = ^ (i?^^-(7^^ J7^°)7^^ e?) - ^ ( J7^^ Vr(T(e„ e°))Z,> 

TT O 4 

+ i (2Vjf^(A(e°)e,^)Z/ + i^^^(7^^, e°)7^^ + P^^(7^^, 7^°)e°, J7^°> 

- ^ {3Vl^^{A{eyf)Z^Z^ + 2i?^^(7^^,7^°)7^^ + i?^^(7^^,7^°)7^^ Je°> 

+ i (.m\T{n' - e°)^ ( J7^^ r(e°, Je?)> 

+ \ {T{n\n^),T{el J7^°)> + \ {T{n\ m'),T {11^,6^)) 

o o 

- 1(T(7^^, J7^0),T(7^,el')> + ^ (T(7^^, J7^^),T(7^,e°)> 

- i (T(e?, J7^°),e^^> (J7^^T(7^^e^^)> . 

Proof. By ((131), (Ell, (fTTTKIl and (EH, 

(5.46) = ( Jef , ef ) + /i(e)(efc, e^) 

= (Jef,ef^) + (Al,T(efc,eO). 

Thus by (I3.33p . (|5.5a|) and (|5.6ap . we get at Xq the following formulas which will be 
used in (I5.61|) . 

(5.47) Jl^, = 0, (V^/I),,, = -J7^^, (V:^^V:^^/I)(7e,7e) = T(7^^, J7^^). 
By (I3.36P and /i = on P, we have at xq, 

(5.48) (Ve, (/I,T(e,,eO)).o = (vJJ/^, T(efc, q)) + (/I, VjJ (T(e,, q))) 

= {JT{ek,ei),ei) . 

By (11301), and (jOIl), we have 

(5.49) (V.. ( Jef , ef = ( JV^/ef , ef^) + ( Jef , Vj/ef ) 

= {JT{ei,ek),ei) - ^ {Jek,T{ei, ci)) 

+ (jA(P^^-e,)P^-e, + JA(P^^-efc)P^-e„P^^-Q> 

+ ( JP^^-e,, A(P^^-e.)P^-e, + A(P^^-eOP^-e.> . 
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By dESil), (jOH|l and for f/ G T^^E, 



(5.50) ^(9t;i?^-).„(f/, eO = ^ ( Jr([/, eO, f/) - 2 (A(P^^«[/)P^«[/, JP^^^e,) 
+ ( JP^^^f/, A(P^^«[/)P^''e, + A(P^^«eOP'^''f/> 

= ^ ( JT(f/, eO - JT(P^^«f/, P^^^eO, t/> . 

Note tliat (JTr)G = Nq on X^, by (IK3n|l . we get (lOKaj) . 
By fl5.23|) and ()5.46p . one gets at Xq, 



(5.51) ^P(^, q) = - (VV ( Jefc, q) + VV (/I, T(efc, e,)) ) Z,. 

From (15. (jail we liave 



(5.52) (vV {Jet ef) ) Z, = (J7^, (V^^V^^ef )(7e,7e)) 

+ ( J(V^^V^^ef )(^,^), ef + 2( JV^^ef , V^^ef 
From ()1.2j) . ()5.H1|1 . one finds at xq that 

J7^^ G Ty, J7^° g txg, 

(5.53) V^^e° = A(e°)7^, Vl^ef = A{n')4, 

(VjJ^ef )Z,Z, = iV^e^fza, = 2A(7^°)7^^ + A(7^°)7^°. 



Now by (jS3ni), 

(5.54) (Vr#Vr#ef ).„ = Vr;^Vr;^ef - iT(ef , Vjf ^ef ) - ^Vr#(T(ef , ef )). 
By (1131, we get 

(5.55) (V^^V^^e,)(7^,7^)^. = V^^(A(e°)e°)Z°Z° + 3A(7^°)A(7^°)7^^ 

+ 3vJf^(A(e°)7^^)z° + 2P^^(7^^,7^°)7^^ + p^^(7^^,7^°)7^°. 

From (j5.33j) . (j5.53j) . (j5.54p . (j5.55|) . the anti-symmetric property of the torsion tensor 
T and the fact that A exchanges TXq and Nq, we get 

(5.56) (J7^, (V^^V™er)(7^,7^)) = (^i^^^«(7^^ e?)7^° + V^^(A(e;)e°)Zj, JU'^ 

+ (2Vj^(A(el')e^^)Z/ + P^^(7^^,e°)7^^ + P^^(7^^,7^°)e°, J7^°> 
- 1 ( J7^^ T(7^, A(e°)7^)> - 1 ( J7^, V^^(T(e„ 6?))^,) , 
(J(V^^V^^ef )(^,^),e°'^)Z, = (2JP^^(7^^7^°)7^^ + JP^^(7^^7^°)7^^el'> 
+ ( JV^?(A(e°)e°)Z°Z° + 3JVj^n^(e°)e,^)^f e°> . 
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Note that from jUHl), (Q, (IH3a|l . (IK3H1) and A exchanges TXg and Nq, 

(5.57) ( J7^, V^^(r(e„ e°))Z,> = ( J7^^, V^^(T(e„ e°))Z,> 

+ i(^(7^,J7^°),T(7^,e°)>, 

(JV^?(A(e;)e°)Z°Z°,e°> = - (A(7^°)A(7^°)7^^ Je?) 

= -i(T(7^^J7^°),T(7^^el')>, 
<V^?(A(e?)e°), J7^°> = - (A(e°)e°, A(7^°) J7^°> = 0. 
By (12301), (1^^ - (IHTni) . (IK3!^ and the fact that A exchanges TXg and Nq, at Xq, 

(5.58) ( JV^^ef , V^^er ) = ( ^V^^e,, A(e°)7^ - ^^(7^, e°))^. 

= {jA{n'^)n\ ~\^^^^ + 2 ( JA(7^°)7^^, A(e°)7e^> 

= \ {Tin', Jn'),T{n, e°)> + ^ ( J7^^ T(7^^ e°)> ( J7^^ T(e°, Je?)) . 
By (|K3^ . (IK3?)|) - (fH3H|l . at xq, 

(5.59) (VV ( Jef , e?'^) ) ^^^^Z, = 1 (i?^^-(7^^ el')7^^ J7^°> 

+ (2Vj^«(A(e°)e^^)Z/ + i^^^(7^^,el')7^^ + i^^^(7^^,7^°)e^ J7^°> 

- (2i^^^(7^^,7^°)7^^ + /^^^(7^^,7^°)7^° + 3vJ^(A(e°)e,^)z°z/, je?) 

- ^ ( J7^^ T(7^, A(e°)7^) + Vr(T(e„ e°))Z,> + i (T(7^^ J7^°), T(7^^ e?)> 

- ^ (T(7^^, J7^°), T(7^, e°)> + ( J7^^, T(7^^ ej)) ( J7^^, T(e°, Je?)) . 
Observe that A(e°)7^° G A^g, ^(e°)7^^ G TX^. By (|S3aj), (l53bl) . (l53d|) and (jni, 

(5.60) ( J7^^, T(7^, A(e°)7^)) = ( J7^^, T(7^, A(e°)7^°)) + ( J7^^, T(7^, A(e°)7^^)) 

4 (7T(e?, J7^0),e,->(.7^^T(7^,e,-)> + (77^^T(7^, A(eO)7^-)> 

= (ne?, J7^°),T(7^^7^^)> + i (J7^^,T(7^,e°)> (J7^^,T(e°, Je°)> 

+ i ( JT(e°, J7^°), ef) ( J7^^, T(7^^, e,^)> . 

From ()5.47|1 . at xq, 

(5.61) (VV(/I,T(efc,eO))(7^,7^) 

= ((V^^V:^^/I)(7^,7^), T(e,, e,)) + 2 (V^A^, V^^(T(e., e,))> 

= (^(7^^, J7^^), T{ek, q)) - 2 (V|^(T(efc, eO), J7^^> . 
Finally, by dSSH), (M), (M and dSHD, we get □ 
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We now examine the coefficients in the expansion of terms involving the moment map 

Jl. 

Set 

(5.62) O'^ = -i ((V:^^^^^)(7^,7^) J7^^ J7^^> + i (V^^(T(e,, J,,e°)), J7^^> Z,Z^ 

+ 1 (v^?(A(e°)e°)z°zf + /^^^(7^^7^°)7^^7^^> 

I 

Lemma 5.6. For \t\ < 1, we have 

(5.63) i^jiilrvitz) = - 1 {T{n^, jn^), m^) + eol + 

+ e (1 (T(7^^ J7^^), A^fJ - ( J7^^ v^/^^)^^ ) 

Proo/. By dSSHI), (ESHl), dSSHl), (EHi), (EUSl), J = J and /I = O on P, we get, at Xq, 

(5.64) (VrJVrJVrJp?).„ = -P^^ JVr/Vr#ef - iT(ef , P^"^ JVr/ef ) 

4(vrj.y)(vrj^)4,rj(vrjvrj/i). 

From dUni), (HHD, (ra, (ra, and dSSl, we have 

(5.65) (V:^^V^^V:^^p^)(7^.7^.7^) := (Vjjvjjvjj/I).^^^^,^, 
= -JVjJ?(A(e°)e°)Z°Z° - 3JA(7^°)A(7^°)7^^ - 2P^^JP^^(7^^,7^°)7^^ 

- p^^JP^^(7^^,7^°)7^° - ^(7^, JA(7^°)7^^) 

- ^Vr(T(ef ,P^^^Jef ))Z,Z. + (V^^^^^)(^,^)J7^^ - \fn^{T{n\ J7^^)). 
Now by (jSHni), (ICTfl) . diSni), and /I = on P, we have 



(5.66) l^/I|J..(t^) = E^^(lA^I^-(^^)) 



A:=2 

|vr/^|^, + t((v^^v^^p?)(^,^),vrpf>.., 



2 



+ ^(8((V^^V^^V^^p^)(^,^,^),VrA^>^,^ + 6|(V^^V^^/I)(^,^)|^ 
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By (ESi, 

(5.67) T(7^^ J7^^) = ^^(7^^, J7^°). 

From jUni), (IHT^ . (lOTIl . and (IKITTI) . we get the coefficients of in 

the expansion of |j/I|^ry(tZ) in ()5.63|) . and the coefficients of t"^ is 

(5.68) \ (JV^?(A(e°)e°)Z°Z° + 3 JA(7^°)A(7^°)7^^ + Ji^^^(7^^, 7^°)7^^ J7^^) 

+ ^ (2Ji^^^(7^^,7^°)7^^ + ^(7^, JA(7^°)7^^), J7^^) 



^ ((V^V^)(^,^) J7^^ J7^^> + ^ (vr(T(ef , P^^^Jef ))Z,Z., J7^^ 

+ ^(T(7^, jn^),T{n^,jn^)) + ^ T{n^,jn^) 

+ I (V^?(A(e°)e°)Z°Zf + P^^(7^^7^°)7^^7^^> 

- 1 E (^(^°' ^?)' ^^^>' + 1 (Tin, e% m^) inn', e% m^) 



7 

+ 12 



To get (IKIkI from (IHIIHll . we need to compute (Tie" ,P'^"^ Jef)). 
For W a section of TX, f/ a section of TB, we have 



.THXpT^X^^ jjH\ ^ l^^^ ^H^ _ /pT"X^^ ^TXjjH 



k / \ ^k 



From p.7p . ()5.69p . we get at xq, 

(5.70) VJh ^P^'^iy = P^"^Vr#iy - ^ (T(ef , ef ), P^^l^) ef . 

Remark that Jef'^ G TF, Je° G T^X only hold on P. 
From dUB, jSibl), dSliD, ^SM, lEM and (jEZOI), 

(Vr;^P™ Je,^'^).„ = JAiP^^o,^)et - i Jr(e., e,^) - 1 (T(e., e,), Je^> ci 
= —JTie,, ei) - ^ (T(e,, q) - T(P^^«efc, P^^^q), Je^> 



C^P^"^Je°).„ = P^^^JVr#e°'^ = JA(e°)P^-e, - ^Jr(e„e°) 



= -^nc, e°) + i ( JP^-efc, r(e°, e°)> e°, 
(Vff J.oe°).o = A{J.,e^)e, = JT(P^^-e., e°) + i ( JP^-e., T(e°, e?)) e?. 
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From ()5.71|) . we get at Xq that 

(5.72) (vr(T(ef , P^"^ Jef))Z,Z., J7^^) - (Vr(T(e„ J.,e^))Z,Z^, J7^^> 

= (t (n, -\jT{n, 7^^) - ^ (T(7^, eO - T(7^^ p^^^eO, J7^^> , 

+ (^e„ -\jT{e,, e°) + 1 jr(P^^«e,, e°)^ Z^Z.Z^ J7^^^ 

From ()5.68|) and ()5.72p . O2 is the coefficient of in the expansion of | (tZ). 
By fj5.47|) . we get also the second equation of ()5.63|) . 
The proof of Lemma 15.61 is completed. 

The following is the main result of this Subsection. 

Theorem 5.7. The following identities hold, 

Oi =27^v^(JT(7^^,e°),7^^) Vo,eO +27^v^(JT(7^,e,^),7^^) Vo,e^± 
+ 7^v^(J^(7^^e,^),e^> - ( JT(e°, Je°), 7^^> Vo,eO Vo,eO 

(5.73) +47^2(J^(7^^,J7^^),7^^>+47rv^(J7^^,p^f;,>, 

o, =0', + Air'oi - 47rv^(^ (T(7^^ m^)r^l) - {m\ vl^^r) 

~ {l^XQl 1^X0) gTY ■ 

Proof. By dESi)), 

(5.74) ( JT(7^, e,), e,) = ( JT(7^^ e,^), e,^> . 
By fUmmj) . (ICTHl and (PTTill . 



□ 



^(57^P''").o(^,e,)Vo,e. 



(5.75) 



27rv^( ( JT(7^^, e°), 7^^> Vo,eO + ( JT(7^, e,^), 7^^> Vq,,. 
7rv^(J^(7^^e^),e^>. 
From (IE221), (IS2ED, dEESl) and (IS2SD, we get ((Sli. 



-(9,P^«),„(7^,e, 



□ 



5.3. Computation of the coefRcient $1. Recall that the operator ^2 is defined in 
(I5.22|l . P^i- is the orthogonal projection from L'^iW^'^) onto Ker^-*- and P^ is the 
orthogonal projection from L^(M^"'~^"°) onto Ker=Sf as in ()3.19p . 



(5.76) 
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For G M"«, set 

((^2°)^'^"^^ (^1(^2°)"'^'^^ 01^"^) ((0,^^),(0,Z^)) , 
- ((^°)-'^"'"C?2P^) ((0,Z^),(0,Z^)), 
[{^',)-'P''^0,P''0,{^',)-'P''^) ((0,Z^),(0,Z^)) , 
(p^Oi(^2°)-2p^^OiP^) ((0, Z^), (0, Z^)) , 

[^^Y^p""^ Pj^^o^^^^Y^p""^ o^p''^ ((0, z^), (0, z^)) 

(^°)"'^^"^if-(^2P^) ((0, z^), (0, z^)) , 

^M(Z^)di;^^(Z^), for z= 1,2,3,4. 
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^1,2(^ 
^1,3(^ 

^m(^ 

$1,2(^ 

Proposition 5.8. T/ie following two identities hold for i = 1,2, 



(5.77) 



^l,i{Z^)dvNa{Z^)='^l, 



Proof In fact, in our case, by dSIHl), P^ = Pj^® Pj^± (g) Idg. 
By (JUi, (EH, 



(5.78) (^(^2°)~'^'^^C'2P'^) (^, (0, Z'^)) = (^(^2°)-ip^^C2Pif (-, 0)^^) (Z)G'^(Z'^^ 
From Theorem Em ()5.78|1 . 

(5.79) $1,2 = ( (-{^,'Y'P''"02PA; 0)G^) (0, Z^), G^{Z' , ^ 
' (^-i^,'Y'P''"P^-0,Pj^i; 0)G^) (0, Z^), G^{Z 



L2(R"0) 
^^,2{Z^)dVNa{Z^)- 



In the same way, we get ()5.77p for i = 1. 



□ 



Note that the restriction of || ■ ||t,o in (j2.115;i on ^"^(M^^-^o^ ^joes not depend 

on t and we denote it by || ■ ||o. 

Since ^2 in ()5.22|) is a self-adjoint elliptic operator with respect to || ■ ||o as we conju- 
gated the operator with k^/^, ^2 &nd Oj. are also formally self-adjoint with respect to 
II ■ ||o. Thus in the right hand side of ()3.62p . the third and fourth terms are the adjoints 
of the first two terms. 

From inna . (lOl and we get 



(5.80) 



$1 = $1,1 + $1,2 + ($1,1 + $1,2)* + "^i^z - "^lA- 



From ()5.76p . ()5.77|) . ()5.80p . we learn that in order to compute $1, we only need to 
evaluate and {i E {1,2,3,4}). 
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Lemma 5.9. The following identity holds, 



(5.81) 



1 



in 



Proof. Recall that the operators bf, bj- and bj~^ have been defined in ()3.8|) . In 
particular, by ()5.15|) . one has 



(5.82) A7iZf = bf + bf+, Vo, 

By dUI), (jH and (jSIHl, set 

(5.83) 



_a_ _ i(f.±+ _ f.± 



Bj, = {AnfZfzi = bf^i^ + bibf^ + bfbi^ + bfbi + 



Bt,, = bibjbi + ^bibjbi^ + ^bfbj^i^ + biHjHi^. 
If aijk is symmetric on j, /c, then by ()3.8p . ()3.9|) . ()5.82|) and ()5.83|) . one verifies 
(5.84) a,^u{^nfZ^Zfzi = a,,fci?4 + 12na,,,{bt + b^^). 



By dSSI), dSISil), dsn), (IS]H21), (f^l^ and the fact that T( , ) is anti-symmetric, we 



get 



(5.85) 27r(J^(7^^,e,^),7^^> Vo,eX = —T,,,Bj-,{bi^-h 



167r 



T,.k [{bfbi+ + bjbi)bi^ - ibj^i^ + bibj+ + bjbi+)bi^ 



-^%,,{bfbi^ + bjbi)bi\ 



in 



By Theorem EH Remark E21 (HHI), (jSIEl), dHl, dEZS)), (^l^ - fF^ . we can re- 
formulate Oi as follows by using the creation and annihilation operators introduced in 

(HH), 



(5.86) O 



-(■mi. 



y^,o^o,ef),et)Bf,bt + h 



ei),ei)B 



+ ^ {JT{n^ eiUj) {btnf^ - btbf) - ^%Abfbi^ + bfbm^ 
- (jni., Jrr), (6^ + 6^)(26,6+ + An5,,) + ( Je^^ Jig) (bf^ + bj) 



An V^'dzo^dzo 
1 



+ (JTiej, Jej),ei) [B^^, + 12nS,,{bj+ + bj 



8n 



Tjki£u)Bfkbt 



in 



T,u{^)hBf, + ^%^{n'){bjnj^ - bjbj 



+ V^{Jej,JlZ) ibj^ + bj) - \- (JT{^, J,), e^) ipi^ + bi){2bM + 4vr5. 



An 

~^%,u{bjbi+ + bjbi)bi+ + Y^^,fc[i?.^fc + I2n5.k{bj^ + 6,^)]. 



87r 
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From Theorem EH (jKl^l . and = a+ = 27r, we get 
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(5.87) {{^^)-'OrP''){Z,Z') 



57r 



By Theorem EH (HHSD, dEHSl) and f 



An 327r 



IGtt 



klm 



127r 



(5.88) P^^P^.O, = v/^P^>^x{ - ^7^,(^)&+ + \T,,{^)h + (^S^/^fo) ^.^^ 

1 

A-n 



- iz { JTii^, J.), ef,)bf,^2b,bt + An6^, 



-1 



IGtt 



In the following equation, by ()3.9|1 . ()3.54|1 . ()3.55|1 . we only need to pair the terms in 
()5.87|) and ()5.88p which have the same length on bj'^ and bj-, and the total degree on 
bi,bi,z°,z° should not be zero. Thus by (jSIMl), (^1^ and 



<9 



(5.89) (^P^ P^xOi(^2°)-iCiP^j (Z, (0, Z'^)) = |P^ 

+ ^(^.'(7^°) + ^'^n'ii^))bf^bf,^ ■b^bi%,{z')]p^} (Z, (0,Z'^)). 
From (HHD, (Uni, jSMl), dsn, f!™|l and = a+ = 27r, one gets 



(5.90) ( P''^Pj^±Oi{^^y'OiP'' ) (Z, (0, Z'^)) = { P 



+ ^ ( 27^JT(7^^ el) + 6, JT( J,, e,^), JT(z°, e^) ) P^ (Z, (0, Z'^)). 



Set P_^ — Idj;^2(]j2n-2no ■) — Pj^ ■ 

Let hi{Z^) (resp. P(Z°)) be polynomials in Z° with degree 1 (resp. 2) and aij G C. 
By Theorem EH and (ITMll . 

(5.91, (ZV.) (^°.0) ^ (i^.»- . ^,"5. + 1_||^Ml)p,(^.,0,. 
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By Theorem O (ESI), (EH), ^IB, dSSl, and = 27r, we have 

(PiFP..)(0.0) = -i^, 

{^-^P^atjbibjP^) (0,0) = (^-'P^ft.Pi.) (0,0) =0, 

{^-^p^hAP^) (0,0) = {^-^p^hKP,^) (0,0) = 



(5.92) 



(^-'PiFP.)(0.0) = -jL_g^, 

(J?-'Pi6iF6,P^.) (0,0) = - (0,0) = 

(i^'-'PiFM,P.)(0,0) = -A_^. 



'^-.Pi(Ev.)V)(o,o)^4(||||-(E 



Finally by dlTTTIl . (jHSDI), dHlI^ and J^2° = + > we get dHSU)- □ 

Lemma 5.10. T/ie following identity holds, 
(5.93) $1,3 = $1,4. 

Proof. Let G T*^Xg with values in real polynomials on Z"*- with even degree, J^i G 
^GxQi ^^{'^'^) ^ polynomial on Z-^ with odd degree, be defined by 

.Fi(e^) = v^(Je^,/lfJ - v/rT(jT(^, J,),e^) + ^71,,, 



(5.94) ^2(-,^^)P^(^,^') = [%i{.)^-I^P''){Z,Z% 

:F,{Z^)P^{Z,Z') = Y^(^^^'"^^^'')(^.^0• 
Then from (jTHll . (07|l and (EH, 



(5.95) ((^2°)-iOiP^) (Z, Z') = {^%,(z' - z'') - v^J-2(z° + z'\ Z^) 

+ {j'i+J',){Z^))p''{Z,Z'). 
Observe that TiiZ^)* = T^{Z^) for i = 1, 3, thus from (f5:87j) and (EH, 

(5.96) (P^Ci(^2°)-i) (Z', Z) = {{{^^y^OiP^) {Z, Z'))* 

= ( - ^%kiz' - z") + V^J^.iz" + Z^) + (j-i + J-s) (Z^))P^(Z', Z). 
For /ii(2;'^), h2{z^) two linear functions on z^,^*^, by Theorem 13. ![ ()3.54p . 

(5.97) (P^/.i(.°)/.,(^)P^)(0,0) = (^^/^i(-°)m^^)(0,0) = 
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From dsnni), (ESB-dEnil), 

(5.98) vI;i,3(Z^)= [((J-,+^3)(Z^))' + l|l5^T,,(J,)+^2(J.,^^)f]G^(^Y- 

k 

By Theorem O (jSIHD, (EHSl), ^jG^, (j = 1,3), J^2{-^,-)G^ are eigenfunctions of 

with eigenvalues 47rj, Svr, thus they are orthogonal to each other. 
From (jSZZni), (EilSD-dESZI), we have 

(5.99) ^,,,{Z^) = G^{Z^f [ {({T,G^){Z'^)y + {{TsG^){Z'^)Y 



+ 



167rl^ 



, d 

kk \ g^o 



)G' 



7'±\ 



J^,i4,,-)G^\\z'^)}dv,,,iZ'^] 



From (HTT^ . dSZZni), dSlHI), (IHUnil and the above discussion, we get (jUSl)- 

Now we need to compute the contribution from —{^2)^^P'^^^2P'^- 
Lemma 5.11. The following identity holds, 

1 



□ 



(5.100) ^i.(^") = {^(i?""^(4,J. 



I a d 



+ 



487r 



92? 



+ 



+ 



967r 



167r 



T(e^,Je^),T( 



9 a 



+ 



13 



1927r 



967r 



11 VT (T(e^, J.)) + 4 (T(e^, ^)) + 7 Vrr(T(^, J.)), Je^ 



_ Av 5 V a log/i + ;li?^-(^, J,)|p^x(Z^,Z^ 



Stt ^ 

Proof. By (HH), (EH, (EH, d^:^ and (O^ . 

(5.101) 

AP^ = {^6.^P(^, Jx) + 6.5(^, J.) + a|(i^(^, J.)) - al))}^"^- 

By and dSHOD), 

(5.102) P^x/iP^ = P^x{6,P(Z, J,) + ^(P(Z, J,)) - Jo (P(^, a^))}^"^- 

By fl5.45b|) . and observe that from Theorem 13. 11 only the monomials which have even 
degree on Z-^ and Vg±, and which have also strictly positive degree on Z^ and Vo,eQ, 

have contributions in P^^P_^±/iP^. 
By Remark Ea and (j05b|l . 



(5.103) P^"P^x(j^(p(Z, 



a 

9¥l 



a 

9¥l 



B{Z, 



P 



N 



-TTA 



Tp^'p^x 



p 



4p^" (2p^^«(.°,^°) J, + p^^-( J„7^°).° + p^^-( J„I«)7^^ J,) p^. 
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By (lEH, and ^TKi^ . 



(5.104) 



d ^\ a Iq^z 9 ^^^^^ 



P^M((0,Z^),(0,Z^)) 



5 a \_a 



Observe that if Q is an odd degree monomial on 6^, 6t 2;°, 2°, then 



(5.105) 



(QP^)((0,Z^),(0,Z'^))=0. 



By using this observation and ()5.45b|) . we get 



(5.106) - {{^^)-'P''^h,B{Z, J,)P^) ((0, Z^), (0, Z'^)) 

= ((if20)-ip^"6, [- (p^^«(7^^ J7^°)7^^ J 



+ (^ip^^(7^^, J7^°)7^^ + v^p^^(7^^,7^°)7^^, 



8 \ 



+ - {T{n^,jn^),T{n' 



-- ( JT( J., J7^°), ( J7^^, T(7^^, e,^)> 1 P^ ((0, Z^), (0, Z'^ 



From dSH), (Uni, f!5:5b|l and dEHl, we have 



(5.107a) 
(5.107b) 



T(^,e°),T(e' 



'Jkl 



n 



a a ^ 
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By (ESU), (IK3^ . dEig), (IHITIHI) and l^.l()7a|) . 

(5.108) - Jo )P^) ((0, Z^), (0, Z^)) 
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16 



+ 



lR^^{ei,Jn')ei-2R^^{ei,n\i,^ 



+ |(^(7^^e°),T(e°,J, 



32 



T(e^,J7^°),^(e, 



k ) ^ 



+ 



T(e^,Je^),T(7^' 



a 



P^M((0,Z^),(0,Z^)) 



' pTXa ( d d \ d j_ tdTXg ( d d \ d d 



+ 



-1 



327r 
3 



+ 



1 



167r 



327r 



n 



a a 



647r 



IGtt 



T{ei,Jei),n 



a _d_^ 



For G'i(2') (resp. G2(^)) polynomials on Z with degree 1 (resp. 2) and F G 
T* Xg, by Theorem O (jSll), (Hn^ - (EUHl), (pTMjl and ^U^ . for any fc,/, fc',/', 



G ' 



N 



-2nZfP 



N 



P^' PMGi{Z)bt + G2{Z)btbt + Zt>h,)P^ = 0, 



N 



pN 



By (Einni), we get 

(5.110) J^p^ = { ((ip^^-(7^^ J.)7^° + p^^(7^^ J,)7^^ + vJ^(a( J,)7^^), ^ 
3 (^A(J,)7^^ A(J,)7^^) + ( J,, v^^(A(J,)7^^)))6,6, 



- 47^(ip^^-(7^^ ^)7^° + p^^(7^^ J.)7^^ + v5f-(A( J,)7^^), 



a 



+ 12v^|A(J.)7^^p -4vr(^, V^^(A(J,)7^^)) - f {R^^ {n\ef)n\ej) }p^. 

Observe that as A{e^)e^ G A^^g, we have at Xq, 
(5.111) <V^?(A(e°)e°), e?) = (A(7^°)A(e°)e°, e?) . 
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Thus by (KT^ . (ITHl) . (n?3K|l . ^TT^ . (j5.107b;i . (jCT]n|) - (jKTTT|) . = af = 27i, and the 
arguments above ()5.103|1 . 



(5.112a) P^>^x (^,,(7^),e,) Vo,e,P^ = -|p^" (p^^-(7^^ e°)e°, J.) 



N 



(5.112b) P^>^xJ,P^ = P^"{ ((ip^^-(7^^ J.)7^° + ^i?^^(e^, J.)e: 



47r 



a 



pN 



By (JSH), (El, (Ell, i^.ll2a|) . (I5.112b|l and the fact that P^^g( ^ ) jg (i^ i)_form, we 



get 



(5.113) - ((if'2°)"'i^'^>^4/2+ (^..(7^),e,) Vo,ejP^) ((0,Z^),(0,Z^)) 



-2(p--(^,e°)e° + P--(A,^)^,J, 



— (^P^^«(^, Jff)^, Jff)P^x(Z^,Z' 



2 I 



Now by (jOSl, (EH, (|5.107b;i and (EM, 



^"^'^=^45^ [S^^^^-^"'^-^^'"^)^^]'^'' = ^P^"|T(7^^e,^) 



P 



iV 



(5.114) 



- ^(if2°)~'^'^>i^4^2(7^),^2°]^^ = \p''"Pj^^K,{n)p 



N 



1 

12 



AT 



By (EH, (EH, ft^^ and (EH, we get 



(5.115) 



2n 



-(a°P^-).,(7^,e°) = -- (J7^^T(e°,e°)> + ( JA(e;)7^^ e°> = 0. 



Thus by dH, (E2ni), (ElSl, and (EIH, we get 



(5.116) - P^'P^xO^P^ = P^'P^xj - Ji - (/2 + (^,,(7^),e,) Vo,eJ 
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Note that R'^^^i-, ■) is a (1, l)-form, by (jTHD . (jKlI^ . (jCTI^ . ((CTIHIl . 

(f5TT8|) and (f5TTfi|l . 

(5.117) - ((if°)-'^^>^-(^2^^) ((0, ^^), (0, Z^)) 

= - (^i^.'r'P'^^PMh + h + (^..(7^), ei) Vo,ejP^) ((0, Z^), (0, Z^)) 



9 e°le° 



a 



+ 



327r 



IGvr 



T(e^, Je^), T{-^, 



647r 



327r 



92? 



net. 4^) 



By (ESU), (IKia . (OHll . (I5.107bll . (ICTIH]) and the arguments above (ICTI!^ . 

(5.118) 4vr2p^>^.0^'P^ = 4vr2p^>^x{ - i ((V:^^^.^^)(^o,^o) J7^^ J7^^) 
+ ^ (V^r(T(e,^ J.oe°))^/^° + V^^ (T(e;, J.oe°))Z°Z°, J7^^> 

= Ip'^'H (v^r(T(e^, J.„e°))Z° + V^f (T(e;, J.A))Z',Zl Jei) 

Let {//} be an orthonormal frame of TY on X. 
As V"^-^ preserves the metric g'^'^ , by p.4|) . p.24p . 



(5.119) 



(V^o^^y )/,, = V,o = 4V,oVeO \ogh. 



Now {Je^} is an orthonormal basis of TY along the fiber Y^^ and {e^} = {e°} U {e^}. 
By (UMl), (innii, (FTTT^ and dEM, 



(5.120) - 47r^ (^{^,Y'P''^Pj^.O'^P'') ((0, Z^), (0, Z^)) 



Att I 6 



-V^|- (T(e^, J,)) + V^J (T(e^, ^)) - 2Vrr(T(^, J,)), Je^ 



9zO 



8 1 
- ^ V a V a log /i - - 
>J ai? ai? <J 



^(ai^' afj) 
-l(R 



2 1 

~ 6 



;e^,^)e^, J,)}p^x(Z^Z^). 
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By dSHSl), (lEZi), (FTTTfl and we get ^JU^. The proof of Lemma EH] is 

complete. □ 



5.4. Final computations: the proof of Theorem EUl By ((2301), (ESI), (|H3a|l . (Iiniajl 

and as Je^ G TF on P, we get at xq. 



(5.121) 



By (HSl), (^37^ and (jEEH), as in (fOTTHl . at xq, 

(5.122) (v7(T(e^,e;)),JeA = -2 (v7(T( Je?, Je^)), Je 



By ffT^ and dSini, we get 

(5.123) 



UVe iTiet,^)),Jei 



(V^/^jJo) Je^, Je^ ) = -4V,o V,^^,o log h. 



-4V a V a log/i = Axclog/i, 
-Av^ log/i. 



Note that T{ei,ej) = -[ef ,ef], as [ei,ej] = 0. By ((131) and (fO)|) . 

(5.124) Vjr.(T(er , e?'^)) = - fe^^, [e^ , ej'^]! + r(e^^, T(e°'^, ej'^)) 



= L^o,//(T(efc' ,e/ )) - L^o.//(r(efc ' ,6^^ )) + r(e;.^ , r(e/ , e/ )) 
= V o,H{T{ei^' ,e.' )) - V o.//(T(efc' ,e^' ))-T(ei' ,T(e;i3' ,e.' )) 

Thus by Theorem lO KTT^ and (IKl^ . 

(5.125) (vrr(T(^, J,)), Je^) = ^{2(v^|' (T(e^, J,)), Je^ 

T(^, Je^), T(e^, J,)) + (t( J,, Jei).T{ei, ^) ) + (r(e^, Je^), T(^, J, 
= 2Ax, log + |T(e^, ^) P + (T(e^, Je^), T(^, 



0,H 0,J^^ 



By r(ei, Cj) = -[ef , ef ], ((Tin|l and we have 



(5.126) 



^^''fef , ef )ef = Vj/V^f ef - Vr/Vj/ef - V^^ 



- i?^^(efc, e,)e, - -T{e,, V^^e,) + -r(e,-, Vff e, 

- ^Vj#(T(e„ e,)) + ^ Vr#(r(e,, e,)) + V^f,H,,^)e: 



H 

i 1 
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By dESil), dESiD, (EH, and T(e^,eO) G TF, at Xq, we get 



(5.127) 



TX 0,H J 



We apply now the first equation of (j5.126|) into the second equation of (|5.126p . by using 
(II -Hj) and ()5.1HHp and T( , ) is (1, l)-form, we get at xq, 

(5.128) ^|T(e?,e?)p-l(vrr— ° ^ ' ' /-^^' 



VY (T(e,", J.„e,")), Je^) + - ( V^o^ (T(e^, J.„e,")), Je 



= (i?^^(e^,e;)e;,e^>-^|T(ei,e 
Finally from (jlEI), (F^ - (fO^ and (fO^ and T( , ) is (1, l)-form, we get 



(5.129) 2{R'^{ei,A)i„e 



-l(Vrr(T(^,4)),Je^ 



T( 



Axalogh + ^\T{ei,A,)\'+ T( 



9 a ■ 



+ v/-l T(e^,Je^),T( 



9 _a_ 



From (Hn^ - dlTT^ 



(5.130) 



llV^a^ (T(e-, J,))+4V-,^ (T(e-, A)) + 7 Vrr(T(^, A)), Je 



9o7r \ 7 ^ 7 * J J 



+ 



5 ^ , , 11 
= Ay„ log h H 

By dsn, (nrrni) . dszE}, (prrnnii and dnisni), 

1 



2 1 



)) 



967r 



(5.131) $1,1 + $ 



1,2 



271 
1 

16^'"" 



jdTXg/ d a \ d a 



3 . , , 1 



d a 



71 " " 271 

rf.« + ^Axa log/i + (u7?,«7^). 

71 471 



a a 



From Lemma HmH (ICTID and (I5.131|) . we get (HT^ . 
Recall that we compute everything on ^°°(X, ® E). 

From (PTTHIl . comparing to (I2.11()|) . we know that in (llOnil . $^(a;o) G 

End(i^^G)xo, and the term r"^, i?'^'^* will not appear here, and r = 27in, thus we get the 
remainder part of Theorem l(J.6l from Corollary ID. 41 

The proof of Theorem lfl.6l is complete. 
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5.5. Coefficient P^^\0,0). As in (QUI) , we have 

(5.132) P^^\0, 0) = (^1,1 + ^i,2)(0) + (^1,1 + ^i,2)*(0) + (^1,3 - ^m)(0). 

For G N, let Hk{x) be tlie Hermite polynomial, 

k\ (2x) 



(5.133) 



Hk{x) = J](-l) 

j=0 



j! {k - 2j)! 



By ISHl §8.6], dSIHl) and = 2tt, we have 

(5.134) (6^)'=e-"l^'^l' = {2TT)''/^Hk{V2^Z^)e-^\^^\\ 

Especially, for I fixed, z G N, 



2i + l-7T\ZM 



'')(0) = 0, 



(5.135) 



((6^)^e--l^^"l^)(0) = -An, {{hife~-\'t\^m = 3 ■ (4^)^ 
((5^)6,-.|z-P)(0) = 15-(-4vr)l 



Recall that when we meet the operation | P, we will first do this operation, then take 
the sum of the indices. Thus \%jk\^ means X^ijfc I'^jfcP' ^^c- 
By flT^ . (EMI) and dnSil), 

(5.136) ^2(-,0) = -^Tfcfc; P^(0,0) = 2^'^l\ 

o 

By dSSHl), (fOrmil and (jOT^^ . we know 

2no/2 I 1 2 2^^°/^ 

(5.137) ^>,M = -_|-^T,,(J,) + J-2(J.,0) 



647r 



, 9 

kk \ g^o 



and from (jTTTIl . dSm, (EUl, (^11, and a,^ = 27r, 



(5.138) ^m(O) = G^(0)^{^ + ^^1^^^ 



167r 



kk \ 



2 ■ {Any 
71 ■ (327r) 



2"o/2 

47r 



I ^ J'i(e^)2 + — ITfci^p + -| ^Tfcfc(Jo) +-TH(Jff) I 



Lemma 5.12. The following identity holds, 

19 



(5.139) ^i,i(0) 



a \\2 



2? . fc'm l^^kkmJllm 



2% 
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Proof. Set 

(5.140) X2 
I3 



Stt 



TT A ' ' r J J V 327r 



6f ^ 6^6^64 
47r ■ 1927r2 



Observe that by ()5.92|) . when we evaluate ^^i^i in ()5.76p . in each monomial, if the total 
degree of bi, is not as same as the total degree of fe^, z^, then the contribution of this 
term is 0. Thus by (ITMll . (07|l . (EMj) and dEHOl), 



(5.141) ^i,i(Z^) = I (^2°)"'^"^^ 
+ {j'i{ef){bf'' + bf ) + 
By dSSI), (nmUl and SFTW^ . 



Ji+ J2+ J3 



IGvr 



47r 



1927r2 



(5.142) (6,^°P^)(0, 0) = -25,,P^(0, 0), {bib^b,z^P^){0, 0) = 87r5,,5HP^(0, 0). 
From Theorem im dS^H), SFTW^ . (OIOl) and (IKTOll . 

(5.143) ((^2°)~'^'^^^i^'^)(0,0) 



327r 



8 m , 



•^"i 27r 



127r 



7;,,(^")jP^|(0,0) 
■^7^,(4r)r.,(J.)P^(0,0). 



By (jnSD, (ESI, (IHl^ and (OiOll . 



(5.144) (P^^X2P^)(Z,(0,Z'^)) 



287^2 1 ^i'Uy 



&,r,K^°)Pj;. + (6,^+&,^+ - 6,^6j;)r,K^°)&.J &^&^p^|(^, (o, z'^)) 
1 



d \} pN 



b,TMiz')i2bfnf+ + 2bfbf,^ + A7t6 



3 f 



-'jj 



2%i{^){bfnj,+ - bfbp) bibiP^ UZ, (0, Z'^)) 



-^J^^,{^)}^h,(QA7:%,.{z') + lQ7:%,.{z')bfbi + A7,5,,,%i{z^)bibi 

-2Tu{i,)bjbj,bibiP'']{Z, (0,Z'^)). 
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Thus by Theorem 13.11 ()3.8p . ()5.135|) . ()5.142|) . ()5.144|) and use a similar equation as 
mm for TjAi^)%i{A)bfbf,bibt, we get 



(5.145) ((^2°)"'^'^^2:2P^)(0,0) 



^ n- ( d \ 



(l^T:bi%y[z^ 



-^Ua^y^z'^bi + U,,,h%Az'^)bibi - l.%i{i,)bfbf,bibi)p 



N 



(0,0) 



287r2 



)r, 



27r(2|7;y(A)r + 7^,(A)T, 



fcfcl^) 
P^(0,0) 



28 ■ 37r L 
By dSSD, (EH, (jSmOl), we get 



P^(0,0). 



(5.146) 



167r 



By (jK3e|l . (jSm), f!5.135jl . (j5.14(ijl and a similar equation as (15.1 5 2jl for Tjij^Tkubjbfb^bf- 
we get 



(5.147) 



647r 



7;,,,7;,,,p^(o,o) = o, 



as is anti-symmetric on i, j and is symmetric on j. 
By Theorem EU ((S3)), (jTHD and fTT^ . 

(5.148) ((^°)-^i^"^"-^i(e,^)(&,^+ + &,^)-^i(e^)^^"')(0,0) 

j 

Recall that Tkim is symmetric on fc, /, m. 

By Theorem HH (HMD, (M) and ^T^ . 



(5.149) {(^°)-^^"^' (^i(et)(&t^ + bj)%J-^ + 7-,,'^-F,(e^)6^)p^}(0, 0) 



b':bHi 



bHi 



- klm 



I m _|_ rj- "m \ -oN 



^jlm~ 



An 



P^}(0,0) 



1 J^f±,fx-T &il^T 



247r 



T,u{btr)p''}iO,0) 



167r 



^i(e,^)7^7iP'^(0,0). 
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As Tkim is symmetric on k, I, m, we know that 
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(5.150) 



'^klm — 6 '^klm + 3 '^kkm + 



2 

mmrm 



T^kkTri^llm ^ ^ TkkmTllm ~l~ ^ ^ {^T'kkmT'rnmm ~\~ '^kkni) ~^ 

ky^ly^mj^k kj^m 



2 

mmm' 



From dnsi, (Enni), 



(5.151) ferfc,„6,^6,^6^^6^6^6^P^)(0,0)= (36 r,L(&^)'(&^)'(&; 



k<l<m 



+ 9 5^ rfcfc^7;^^(6^)2(6^)2(6^)2 + 6^Tfcfc^r„(6^)2(6, 

k^l^m^k kj^m 



+9 5^T_,T_,(6^)2(6;^)^ + X^„„(6^J^)P^ (0,0) 



= (-47r)3(36 5^ T,L + 9 T^fc^TI;^ 

k<l<m ky^ly^niy^k 

= (-47r)3 • 3(2T,L + 3T,fc„7i,„)p^(0, 0). 



By (jnisni), 



(5.152) (7;,^r,;„6^6>^6^P^)(0,0) 



E (2^^'- + r,.^^,^) (6^)^(6^)^ + 7;L(&, 



p^ wo,o) 



(4vr)2 ( $^(2r,L + r,,^7i,^) + 3TQ P^(0, 0) 

= (47r)^(2T,L + T,fe^7I,„)P^(0, 0). 



By (ITMIl and we have also 



(5.153) P'^^rBir'^Mmbib^biP'' = [%,,,Tumhihjhj,hihihi 



SGirTijmTkimbibfb^bi- + 367r ■ MTiimTkimbfbi]P 



N 
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Thus from Theorem EH dSHSH)- (111111, 

(5-154) W)^"} 

^ {-8(2r,L + ^%,^Tam) + 36(2r,L + %,„,Tura) - 1UT,]J P^(0, 0) 



■ Stt 

= (-22T,L + S%k^Tam) P^(0, 0). 

From dnm), (EUSl), (EUll), (EHZD, dSHi, (i™^ and (EIMD, we get 

(5.155) vl;, ,(0) = [_76|7^.,,( + 27;.,( J,)rfc,(^) - 22r,L + ST^.^T^,^^ 

From (fO^ we get (fOT?^ . □ 
Recall that B{Z,ef) was defined in ()5.23p . 
Lemma 5.13. The following identity holds, 

(5.156) ^B{Z,ei) = ^ (i^^^(7^^ 7^°)e^ J7^°> - ^ (Vr(T(e,,e^)), J7^^> 

TT 2 4 

+ ^ el)n^ + Vl^-{A{el)el)Zl J7^° 

+ ^ (T(7^^ e?), Je^> (^(7^^ - 7^^ Je°), J7^^> 
+ ^ (^(7^^ e°), Je^> (^(7^^ Je°), J7^^> 
+ ^ (T(7^^ J7^°), T(7^^ e^)> - ^ (T(7^, e^), T(7^^ J7^° 

+ ^ (^(7^^, J^(7^^ J7^°)), Je^> + i (T(7^^, J7^^), ^(7^, e^)> . 

Proo/. By (jEHSl), (^3^ and A(7^°)A(7^0)e^ G iVc, as A exchanges TXq and iVc, we get 

(5.157) ( J7^, (V^^V^^e^^)(^,^)) = -i ( J7^, T(7^, V^^e^) + V^^(T(ef , e^))Z,> 

+ /J7^^1p^^(7^^e,^)7^^ + P^^(7^^7^°)e^ + Vj^(A(e°)e,^)Z° 
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By dUHl), (jSIISl), (ESni), we have at Xq, 

(5.158) -i(J7^^T(7^,V^V)> = ^(Je^T(7^^e°)>(J7^^T(7^, Je?)), 
- \ {jn\ V^^(T(ef , ef'^))z) = -\ {T{n, ei\T{n, JU')) . 

By dSI), jSSdl), dsn, (ra, and V^^(T(ef , e|^))Z,Zfe = 0, we have 

(5.159) (J(V^^V^^ef)(7^,7^),e,^)Z, = ^ (T(7^, V^^e^), Je^> 

= ^ (^(7^, 2A(7^°)7^^ + A(7^°)7^°), Je^) 

= i(^(7^,e?),Je^>(^(7^^Je°),J7^^> 

- ^ (^(7^^ e^), ^(7^^ J7^°)> + i (^(7^^ JT(7^^ J7^°)), Je^> . 

From (11301), (F3ajl . dEni), (|K3!?|l and the fact that A exchanges TXg and No, we get 

(5.160) ( JV^^ef , V^^e^^) = ^ JV^^e,, A(7^'^)e^ - lT(7^, e^)^ Z, 

= (^jA{n'>)n'^, -^T(n, e^)^ + 2 ( JA(7^°)7^^, A(7^°)e^) , 

= i (T(7^^ J7^°), T(7^, e^)> - i ( Je^ ^(7^^ e°)> ( J7^^ ^(7^^ Je°)> . 
From (IK3T11 . dESg), (EMI), (IK7CK7jl - (|KTHn|l . we get 

(5.161) ^B(Z,e^) = l(Je^T(7^^e°)>(J7^^T(7^, Je?)) 

- \ {Jn\ V^^(r(e., e^))Z.> - i (T(7^, e^), ^(7^, J7^°)> 

+ ^ ( li^^^(7^^e^)7^^ + R^^in\ny^ + vJ^(A(e°)e^)z°^ 

+ ^ (^(7^, e°), Je^> (T(7^^ Je?), J7^^> - ^ (T(7^^ e^), T(7^^ J7^°)> 

+ ^ (^(7^^ J^(7^^ J7^°)), Je^> + ^ <T(7e°, J7^°), T{n, e^)> 

-i(Je^^(7^^e;)>(J7^^^(7^^Je;)> 

+ ^ (T(7^^, J7^^), T(7^, e^)> - (V^^(T(efc, e,^)), J7^^> Z,. 
From (15.16111 we get (I5.156|) . □ 
Now we need to compute the contribution from — (^2°)^^-P^^^2-P^- 
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Lemma 5.14. The following identity holds, 



29 



(5-162) vl.,,(0) = l^rf- + ^R'-ii., 4) + ^Ax, \ogh+ ^|T(e^, Jn^^ 



+ 



-1 



1 

+ — 

47r 



T( 



a a 
aiF' a¥J 



9 

9i? 



1 



TY ■TY\ 



ijk) 



28 



TT 



'^'^'jkm ~^ '^jjm'Tkkni 



IGtt 



r(e,^ Je,^), /I^> - 2 ( Je,^ Vrr/I^) ) P^(0, 0) 



Proof. From Theorem O (jSS)), (HTMll . (11^^) and (jSISSl), 



(5.163) Ivr ((^2°)-ip^^Z,^Z;^P^) (0,0) = ((^2°)"'^"^^^/^^^ ^"^j (0,0) 

= {{^^)-%ZtP'') (0,0) = 



|\P^)(0,0) = -^P>,0). 



Set 



(5.164) J4 = - {(if2°)-'^^"(^(i?(^, Jo)) - Jo (P(^, a^)))^'"} (0,0) 



At first, if Q is a monomial on bi,bf, bj-,bj'^,Zi and the total degree of bi,bf,Z'^ or 
bj-, bf^, Zj- is odd, then by Theorem 13.11 



(5.165) 



(^(^2°)-ip^^QP^) (0,0) = 0. 



By (j5.165p . only the monomials of B{Z, e°) with odd degree on Z^ have contributions 
for X4. 

If we denote by ^^(e^) the odd degree component on Z^ of the difference of B{Z, e°) 
and of the sum the the first two and the last terms of B{Z, e°) in ()5.45b|l . then by ()5.45b|) 

we know that Bz{e^) is a linear function on Z^ and Jj^Pz(JrT)) and —^ (^z{^) 
are equal. 

Moreover, by (j5.5ep . (|5.163|) . we know the contribution of the last term of B{Z, e^) in 
fl5.45b|) is zero in X4. 
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Thus by Remark ()5.45b;i and (j5.1(i4;i . 
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(5.166) X4 = 7rV-lU^2)"^ 



?0\-l dN-^ 



-^(J7^^2V-(T(; 



d a 

4 \ ] 3 



)) + V^a^ (T(e-, J,))Z- - V^,- (T(e-, ^))Z,^ 



+ 37-1 ( i?^^(7^^ ^)7^^ A\ - ^ ( J7^^ T(^, e°)\ ( J7^^ T(e°, A) 



4 



(T(7^^ Jo), T(7^^ ^)) + (T(7^^ J7^^), T(^, J,))] p^} (o, o). 



By dsn, (!5.1()7a,jl. (fOTIHIl and (fOT)F)|l. comparing with (jOT13!|l and (fOTn|l. we get 




By dnH), (ITMl) and 



(z°^;P^)(Z,0) = (z°^P^)(Z,0) = i^((6,^° + 25,,)P^)(Z,0), 

^.^^/^i^"^ = Y^(W+47r4/)P^, 
(47r)^(Z,^)^P^ = [(^hif + 247r(6^)^ + 3 • (47r)^) P^. 
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From Theorem O (El, (EH, (EH, (EIIS3), dHl^ and 



(5.169) 



[i^.r'P'^'b.z^ZiZ^P^) (0,0) 



167r2 I Vl27r 
{{^.r'blZiz^z'^P^) (0,0) 

^ ,5,,4iP'^(0,0), 



^6^6^6,^° + 5,,6,^°)p^}(0,0) 



87r2 



127r 



127r2 
2 



<5,,5hP^(0,0), 

AT 



-5.)P^^K0,0) 



[{^,r'P''^Z^Zizy^P^) (0,0) 

1 ^(^0)-lpA.-(^X^X + 5,,)^°z°P^ ^ (0, 0) 



Ait 



967r3 



By dnSiD, (j5.10(i|) . (I5.107a|) . (|5.iei9|) and comparing with (|5.108|) . we get 
(5.170) - ((^2°)-ip^"6,P(Z, J,)P^) (0,0) 

I 127r \ ^"^i dzO^dzO V, 



+ 



487r 
1 



V^|(T(e-,J.)) + V^/(T(^,J.)),Je- 



^ dz" ' 9z? ^ (92? ' 9zO 



+ 



Stt 



d 



T( 



a a 
aiF' ai? 



1 



967r 

From (I5.15(il) and (I5.1(i5|) . 



247r 



T(e^, Je^), T(^, ^ 



P(0,0). 



(5.171) ((^°)~Vi?(^,e^)^^) (0,0) = -vrv^{(^°)"V 

i (P^^(7^^ 7^°)e^ J7^°> - ^ (V^Y(r(e^, e^)), J7^^> Z,^ 

- \ ( V^r(T(e°, e^)), J7^^> Z° - 1 (^(7^^ e°), Je^> (^(7^^ Je?), J7^^> 

+ ^ (T(7^^ J7^°), ^(7^^ e^)> - i (T(7^^ e^), T(7^^ J7^°)> 

+ ^ (T(7^^, JT(7^^ J7^°)), Je^> +^ (T(7^^, J7^^), T(7^^, e^)> ] p^l (0, 0). 



As T is anti-symmetric, from (j3.9j) . (j3.54p . we get 



(5.172) bi {Vll{T{ei, e^)), J7^^> Z^P^ 



yil{nei,e^)),jn^))ziP^, 



hi {T{n^, J7^^), T(7^^, e^)> P^ = - (T(7^^, Jet) + T(e^ jn^),T{n^, ei)) P 



N 
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From (Oe|l . (I5.12;^j) . (j5.1(iHjl . (j5.iei9j) . (j5.171j) . (|5.172jl and the anti-symmetric property 
of T, we get 



(5.173) - I {{^,')-'btB{Z,et)P'') (0,0) 



"2^ 



+ (T( J., e^)) + (T(^, e^)), Je^ 



By dnnn), dEES}, (inMD, dnniD, mm, mm and since i?^^«(-,-) is a (i,i)- 

form, comparing with ()5.104j) and ()5.108|1 . we get 



(5.174) 



((if°)-p-^/,p-) (0,0) = {-i- (p-«( J., J.),^„, 



i9 d \ d d 



7 

+ 6 



5V^ 
2% 



Jei,V:r{T{i,,^)) + V%{T{ei,i,)) 



d_ _d 



TY 



2% 



IGtt 



T(e^, Je^), T(^, ^) 



P''(0,0). 



Recall that from dSIHI), (IK3aj) . (l53Hll and (fHT!^ . 



9 \\2 



(5.175) <^(^°)^°'^(^>?>=4|E^(4*) 



l^(e°)e,T = ^|T(e°, Je°)p = |T(4„ Je?)!^ = 2\T{^^, ^)\\ 

From dnSll), (|5.11()jl . (l5.1(iHjl . (j5.175jl and since R^^'^i-, ■) is a (1, l)-form (comparing 
with ()5.112bD . dSHni)), we get 



(5.176) - ((^2°)"'^'^"^2P'^) (0,0) = (P^^«( 



9 d \_d_ d 

dT'' a¥^) dz", 



6T[ 



1 
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By dSini), (EH, (EH2), (EH, dSmH), dSISl, (FTfH|) and since R'^^g{-, ■) is 

a (1, l)-form (comparing with ()5.112a|) ). we get 



(5.177) - [i^.'r'P''" (^,,(7^), ei) Vo,e,P^) (0, 0) 

= {(^°)-P^^ (^(i^^^-(7^^e°)e°,J,)6, 
+1 (i^^^(7^^ e°)e° + A(e°)A(e°)7^^ e^> 6^)p^} (0, 0) 



By ^2°^^ = 0, dnm, dnnnD, (IHTTHIi and since R'^^^i-r) is a (1, l)-form 

(comparing with ()5.114|) ). we get 



(5.178) - { i^.r'P''" [^^2(7^) -1{Y: (^(e?)e?, 7^^> ) (0, 0) 

= {P-^^ [\K,(n) - 2($^(A(e?)e»,K^>)']p"}(0,0) 



4^^ 



^i^^^«(7^^ e°)7^° + i^^^(7^^, e°)7^^, e° 



W0,0) 



487r 



(3^ (^^^''^^'^'^al 



IGtt 



' + Y^I^(e°)e^P)^^(0,0), 



47r 



e \ / pTB(± a a 
^ , 'aT'i^k ■> a^ 



2 1 



_^\T( 9 a \\2 ^ / r>TB 

o_l^ y'M' a¥^)\ 



in 



487r 



R'^{et,ef)et,ef)P- (0,0). 
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By dSm, (HMD, (EH, dsn, (FTH!^ and (jKTfH|) . 

(5.179) 



+ ^(i^^^(7^^e,^)e^e,>Vo,e,)P^}(0,0) 



a 



|2 1 

I 47r 



)P^(0,0). 



For Fij.ki e C, from Theorem EH (jSlSl), (j5.i;^5jl . (j5.1(i8;i and comparing with (j5.152;i . 

we get 

(5.180) {{^,')-'P''^F,,.,,,Z^ZfZiZ^P''] (0,0) 

= |(<^2°)""^^^ [X]'^"^^'^'^*^ ^krjk){ZfY{Z^Y + Fkk-kk{ZiY -P^|(0,0) 



+Ffc;i;fcfc(^ + 3(6^)')lP^l>(0,0) 



167r 



-3 

2%3 



+ Ffc,.,fc)P^(0,0). 



By dEH), (1^^ . 

(5.181) J5^b7^P^-).„(7^,e 



i 

j 

By fl3.fj|l . ()5.14j) . ()5.180|) and Tkii^e^) is symmetric on k,l, we get 
(5.182) -TT^J^ ((^°)-ip^" (JT(7^^e°),7^^>V^) (0,0) 

= -vr^ ((^°)-ip^"7;,,(e°)T,Ke°)Z/Zj^Z,^Z,^P^) (0,0) 



2% 



2^-.(e.^)^ + 7;,(e°)r,,(e°) P^(0,0) 



2% 



(2|T(e^, J,)P + |5^7;,(J,)|')P^(0,0). 



122 XIAONAN MA AND WEIPING ZHANG 

In the same way, by ()5.5e|) . ()5.14|) . ()5.180|) . we get 

(5.183) -7r2^((^2°)"'^'^"(^T(^^,e^^),^^>'^'^) (0,0) 



2% 



%jk{%jk + %ji)P (0, 0). 



By dni, (Einni), 

(5.184) -7r2^((^2°)"'^'^"(^2^(^°,e^^),^^>'^'^) (0,0) 



' 9 M2DAf^n n^ _ -|T(e"^ ^ M2DAf 



i^;^(J.)r^"(o,o) 



P'"(0,0). 



By (I5.45a|l and (15.11511 . the total degree of Z°, Vo,eO in the fourth term of O'^ in is 
1, thus the contribution of the fourth term of O'^ in S^TM for -((^2°)"^^^^C'^^^)(0, 0) 
is zero. By (EUll), (IKT7H|) - (fHT7n|) and (jnHII)-(EIIHl, comparing with (jEIIZj), 

we get 



(5.185) - [i^.'r'P^'^O'.P'') (0,0) = [^{R^^'H 



d d \ a d 



7 

+ 6 



5V^ 
2% 



^ei'Vr7(T(^,J.)) + VT(T(e^,J.)) 



9 9 M2 



92" 



7 



167r 



nei,Jei),T{ 



9i?' 



2 3 



+ 64^1^ ^' 



2% 



By dsn and (fOT^ . 

(5.186) -47r2 (^{^^y'P^^O'^P''^ (0,0) = -471^ |(if20)-ip^^ 



I 

1 5^ (^(7^^ eo, m^)" +^|T(7^^ J7^^)pj [ (o, o). 



12' 



Now {e,} = {eO}U{e^}. 
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By dnniiD, (inii, dEni, dnni, dnHOD, dnH, dnH, and comparing 

with (j02n|l . 



(5.187) - 47r2 (^(^2°)"'^'^^C>2^'^) (0, 0) 



7 
24^ 



-^V a V a log/i 



+ 



T( 



9 d 



VT(T(e^,J.))-Vrr(T(^,J.)),Je^ 



2 1 

~ 6 



2% 



2H 



2% 



2% 



(27;.L + 7;-,^T,,„)|p^(0,0). 



By dSISl), dSIED, (innnD, and dEIHZD, comparing with (jOTinjl. we have 

(5.188) ^1,2(0) = - ((^2°)-^P^^(0^ + 47r2C^')^^) (0,0) 

^ T{ef,Jef),r)-2(jef,V:rjl^))p''iO,0) 



J "I "I "J 



9 9 \ 9 d \ , J_ jdEq ( a a \ 



7 

+ 6 



— Axglog/i-, 
OTT 487r 



^ ^R^-S/ ± 9 \„± 9 \ J ^ TH/ 9 9 



levr \^^^^''^^^)'^^9;F'9^^>V+ 1927r ^^^^^ ' ^ 



13 



1 

8^ 



1 



2 1 



327r 
1 

26^ 



9 

JJ'^9iF 



7 



2^71 



i((V"9"'),.,e;,iet,Je^ 



167r 



( (T(e,^ Je,^), /I^> - 2 ( Je,^ Vjp^) ) } P^(0, 0). 



By dnnni), the term |[- ■ ■] in (EHi is i (^A^, log/. + l\T{ei, J,)p 

By and dHIHHI), we get (POT?^ . 

The proof of Lemma [5.141 is complete. 



□ 
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Lemma 5.15. The following identity holds, 

'(VrxV7)Je^ JeA =4V,xV,xlog/^, 



(5.189) ((V7^7)Je^ JeA =4V,x V,x log + 2! ^ 71, 



' d 

I 



2 



Proof. By using the same argument as in ()5.119p . we get the first equation of ()5.189|) . 
Recall that P^"^^ P^^ are the projections from TX = T^X © TY onto T"X,TY. 
By (HH, (HHD, (jUl), (ICTIl and (ICTIl (cf. also (ESID), 



(5.190a) (P^'^Je^-^) 1^-1(0) = 0, (Je^^),., G TF, 

(5.190b) (Vji^.e^^)., = -^T(e^,e^), 

(VSV''').o = (^(eX)^-^ne;,e^), 
(5.190c) (V^J.^ef ).„ = ^ (T(efc, e,), Je^> ef + (T(efc, Je^), Je,^> Jef. 

Prom (|5.190ap . we get 

(5.191) V^P^'^Je^^ = V7x..P^"^Je^^ = 0. 
By (JS3ni), (EEID, and (I5.190bjl . we get at Xq, 

(5.192) V^x^P^'^Je^^ = V^x"#P^"^Je^^ 

= -i JT(e^, e^) + i ( JT(e^, e,), e^> e, 
= -^(^«. - ^^.Oe,^ + I {JTiei, e% e^> e°. 
By fUniall . (I5.190bjl and (j5.190cl) . at Xq, 

(5.193) [ei^ ,Je, J = V x,ii Je, ' -V x.^e^' = JV ^.^e, ' -V x./^e^' 

= -\jT{ei, ei) + 1 ( JT(e^, e,), e^> e, - (T(e^, Je,^), Jet) Je] 
By dSZHl), dSHH), (ICT^ and (ICTHIl . we get at Xq, 

r X,H" ^ X 



(5.194) (V^f,.,,x,.,P^^-Je,^'^e^ 



1 /yTX pT«Xj ±,H ±,H 



2 \ Jnei,e^)-{jT(ei,ef),e^)e 



- Tkji)(Tjik - Tjki). 
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(5.195) V^x^P^^ Je^^ = JV^x^hC^^ - V^x^hP^"^ Je^^ 
Thus by fl5.195j) . at Xq, 

(5.196) V^lnP^^ Jef^"" = P^^V^x^nP^^Je^^ = 0. 
By (USD, (USD, (inj) and at Xq, 

(5.197) 

'(Vr7<)5^) Je^ Je^) = (<),7P^^ Je^ P^^ Je^) = 2e^ (v^^.,,xe^ P^^ Je^ 



By dSMI, dni, (inSniD, f!5.19nb;i and dnni, at xa 



(5.198) - 2e^ ^V;^«,_^^,e^ Je^^ = -2^V;^^,^,«,^^,e^ Je^ 

l,^ ^ . . 1 



r( - -(Th, - r,,,)e,^ + - ( JT(e^, e°), e^> ej, e^) , Jei 
= - + i (T(e;, e^), Je^> ( JT(e^, e°), e^> 

By dni, l^.l9()a|l . (I5.190bjl and (jCT^Il . at xq, we have 



-(r,,,-r,,,)7^,, + i|T(e^,eO)p. 



(5.199) -2ei:iW'pirj,.et,P' ^ Je^) = -2 ( V^#.^ , , V,YP^ ^Je^ 



Now by dESiD, 



(5.200) et {V'jt^et,Jet) = -et {V'jf^Jef.et 

-p^ ( V^^ , P^^ Jp^ + V^^„ P^'^ Jp^ + V^^ P^""^ p^ 
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By Theorem O (HH), (|^^.lfj()a|) and (jCT^ . at Xq, 



(5.201) -2e^^V^^H,^^,P^^Jef,e^) = -2^V;^,^,«,^^,P^^Jef,e 



= -\irui,-%,i)T,ui-\\nei,e])\\ 
And by jEHl), (|SIiniD-(EM), (EHH), (EUl, (IK:TM|1 and (EMI, at xo, 



(5.202) 

_ ^ 1. I^TX pT^X J ± ±\ _ n/ f sjTX ^TX , ^TX \ pT" X j ±,H I \ 

= - - ^(^fc'i - ^feiOe^^ + ^ {■JT{e-t,ej),e^)ej,eiyjel-^-^{fkij-fkji)ifjik-fjki) 

= -\{Tui,-%,i)f,,,-\\nei,e])\\ 
Finally, by (HH), (HH), fT"^ and (jOTm|l . as in ^fJV^ . 



(5.203) - 2ei (v^?.,,xP^^Je^ e^) = 2e^ (T(e^, P^^ Je^), P^^Je^) 

= ((V^r^J7)Je^ Jef) = 4V,xV,x log/z. 



Thus by (EMI)- (EOT), 



1 

1^ . n.^ . n. 1 



(5.204) ((V^7^Jr)Je^ Jei) = 4V,xV,x \ogh- -|T(ei,e; 



+ -'^/(e°)'7fcA:(e°) — -{Tkij — Tkji)Tjki- 
From (jSSI) and (EHH), we get (jOT^ . □ 



Proof of Theorem\U^ By (Ell, 

j:^,(e^)^ = -(/lf>->^.- 
(5.205) +|J]T( 



/I^-v^T(e^Je^) + 2T(^, J,) 



T(e^Jef),T(. 



kll 



l{T{et,Jet),Jl'^ + T{ 



dz'j ' dz°. 



^ TllmTkkm- 
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(5.206) (^i,i + *ti + ^i,3-^M)(0) 



in 



kll 



13 



n-2 

26 . '^'^ ^ 277r 



^ r r 



487r 



P''(0,0) 



47 



277r 



'^kkmTum 



13 ^2 11 



26 ■ Svr 



487r 



By fICTa and dnHHI), we get 

(5.207) M/i,2(0) + ^1,2(0)* = l^rlo + ^R^o^ 



-V,xV,xlog/i + — |T(e^, J,)P + ^(r(e^Je^),T( ^ ' 



1 

+ 2^ 



7 



T( 



9 9 ■ 



487r' 

' — lE^' 



57r 



+ 



1 



267r 



"^ijki^kji ~l~ 'Tijk) '^{^jki ~l~ Tijk^'Ti 



ijk 



57r 



i ( (T(e^ Je^), p?^) - 2 ( Je^ Vr7/I^) ) } P^(0, 0). 



Thus by ()5.132|1 . ()5.206|1 and ()5.207|1 . as Tijk is anti-symmetric on we get 



(5.208) P(^)(0,0) = Rrf« + ii?^«( 



^, Jrr) + -Axa log /l - ^V,xV,x log/l 



271 \^ ^ 



a a 



+ 



1 



T{ei,Jet),T{ 



a a ■ 



167r 



247r 



5 1 ~ ~ ~ 1 



TT \ 4 



TT(e-, Je-) + T(4„ J,) ) +^{Jet, V^I^} \ {0, 0). 



jTY-E 



By Theorem EIH (fT^ . (fi~^ . and as same as in (j5.1 U)jl . we get for 

Tam = {nei, Jet), Jef) = 2VeX logh, T(e^ Je^) = 2(V,x \ogh)Jei, 



(5.209) 



%k{U) = -2{T{JU,Jei),Jei) = - (^J^ Je^, Je^) = -AVjuhgh. 
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By dnSHD, (IH:™ and (EM, we get Theorem 03 □ 

5.6. CoefRcient $i: general case. We use the general assumption at the beginning 
of this Section, but we do not suppose that J = J in ()().2j) . 

Let d ' be the formal adjoint of the Dolbeault operator d on the Dolbeault 
complex Q^'*{X,LP E) with the scalar product ( ) induced by g^^ , h^, as in 
Section O 

Set 

(5.210) D, = y2(r^%r^^'*) 
Then 

(5.211) Dl = 2 (d^^^^t'^^'* + Q^^^^^*g^^^^ 

preserves the Z-grading of Q^'*{X, W ® E). 
For p large enough, 

(5.212) Kei Dp = Kei Dl = H'^iX, LP ®E). 

Here Dp need not be a spin'^ Dirac operator on Vf'*{X, L^ ® E). 

Let Pp{x,x') {x,x' G X) be the smooth kernel of the orthogonal projection from 
{'t^°°{X,Lp ® E),{ )) onto (KerDp)"^ with respect to the Riemannian volume form 
dvx{x') for p large enough. 

We explain now how to reduce the study of the asymptotic expansion of Pp{x,x') to 
the J = J case. 

Let g^'^{-, ■) := uj{-, J-) he the metric on TX induced by cu, J. We will use a subscript 
uj to indicate the objects corresponding to g'^^ , especially is the scalar curvature of 
(TX, g^^), and Ax^ u is the Bochner-Laplace operator on Xq as in ()1.21|) associated to 

Let detc denote the determinant function on the complex bundle T^^'^^X, and |J| = 

(-J2)-V2. 

Let := {detc\3\)~^h^ define a metric on E. Let be the curvature associated to 
the holomorphic Hermitian connection on [E, h^). 

Let ( )^ be the Hermitian product on ^°°{X, Lp ® E) induced by g'^'^ , h^, as in 
Xnm . then 

(5.213) i^°°{X,LP^E),{ )J = {^^{X,LP®E),{ )), dvx,u. = {detc\J\)dvx. 
Observe that H'^iX, Lp (g) E) does not depend on g'^^ , h^,h^. 

Let P^p{x, x') (x, x' G X) be the smooth kernel of the orthogonal projection P^^ from 
(<^~(X, LP0E),{ )J onto if°(X, LP ® E)^ with respect to dvxA^)- 
By IKim . 

(5.214) P;r{x,x') = {detc\J\){x')P^^^{x,x'). 

We will use the trivialization in Introduction corresponding to g'^'^ ■ 
Since g'^^{-, •) = uj{-, J-) is a Kahler metric on TX, -D(^,p is a Dirac operator (cf. Def. 
ini)- Thus Theorems OO hold for P^p(x,x'). 
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Let dvB be the volume form on B induced by g^^ as in Introduction. 
As in dnm, let k G ^"^(T^Ixg, be defined by for Z G T^^B, xo G Xq, 

(5.215) dvB{xo, Z) = k{xo, Z)dvxG,uixo)dvNG,^,,^- 
As in fj0.17|) . we introduce J^p( section of End(£'G) on Xq, 

(5.216) ^p(xo)= / h\xo,Z)P,;;o^{{xo,Z),{xo,Z))K{xo,Z)dvMa^^,.,- 

J Z£Ng,\Z\<so 

Then (IfTTSll still holds. 

Summarizes, we have the following result, 

Theorem 5.16. The smooth kernel P^{x,x') has a full off-diagonal asymptotic expan- 
sion analogous to ()().14j) with Qq = (detc | J|) Id^;^ as p ^ oo . There exist ^r{xo) G 
Eiad{EG)xo polynomials in A^, , R^^ , fi^ , {resp. h^, R^^ ; resp. jj) and their 
derivatives at Xq to order 2r — 1 {resp. 2r, resp. 2r + 1), and $o = Id^;^ such that ()().25j) 
holds for ^p. Moreover 

(5.217) 

•^1(^0) = ^[r^« +6Axc,^log(/i^UJ -2Axc,.(log(detc|J|)) +4i?^««,,<,) • 
Here {wu^^j} is an orthogonal basis of (T^^''^^XG,g^^'^). 
Proof By (KTH^ - ^^TTm . 

(5.218) ^p(xo)= / hl{xo,Z)P^^p0^iJ{{xo,Z),{xo,Z))K^{xo,Z)dvNaAZ)- 

From the above discussion, only (j5.217|) reminds to be proved. But 

(5.219) R^^ = - 991og(detc| J|), 
Thus 

(5.220) 2i?f«(^°,^,^°,^.) = 2i?^«(^°,^, - Ax«,.log(detc|J|), 

and (pCTTfl is from dnZZI) and ^^TTH^ . □ 

6. Bergman kernel and geometric quantization 
In this Section, we prove Theorems lO.lOt 10.111 

Proof of Theorem \U.l(A We use the notation in Section 

By Theorem 14.41 and Lemma (4.61 we know that p~^{(yp ° o'*)^ is a Toeplitz operator 
with principal symbol {2^ /h{xo))ldEQ in the sense of Def. 14.31 and its kernel has an 
expansion analogous to ()4.45j) and Qo.o therein is /H^xq). 

We claim that 

(6.1) Tp = p--{ap o a;)-^h^iap o a;)^ 

is a Toeplitz operator with principal symbol 2"2" Id^;^. 

Indeed, when E = C, this is a consequence of |S] on the composition of the Toeplitz 
operators. 
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To get the above claim for general E, we need just keep in mind that the kernel 
Tp{xo,Xq) of Tp with respect dyxci^'o) has the expansion analogous to ()4.45|1 and Qo.o 

riQ 

therein is 2 2 He^. 

Our claim then follows from the composition of the expansion of the kernel of (cXpO 
(T*)^, as well as the Taylor expansion of h'^ (cf. also the recent book |2H] for a more 
detailed proof). 

Now we still denote by ( , ) the L^-scalar product on ^°^(Xg,L^ (g) Eq) induced by 
h^G^ h^G^ gTXa as in (iriT?|l . 

Let {sf} be an orthonormal basis of W^E)^ , ( , )), then = (o"pOcr*)"2(Tpsf 

is an orthonormal basis of {H^{Xgi Lq (g) Eg), ( , ))• 

From Def. |Ol (E2H1), (irTn|) and (jnU, we get 

(6.2) (2p)-^ (apsl aps^\ = (2p)-^ ((a, o a;)^^^, (a, o a;)^^^)_, 

= 2-^(T,^f,V,^>=5., + ^Q). 

The proof of Theorem 10.101 is complete. □ 
Proof of Theorem M) . 1 1\ Set 

h'^G = h^h^G_ 

Then P^"^ is the orthogonal projection from ^"^(Xg, -Eg) onto if°(X, ® -Eg); 
associated to the Hermitian product on ^°^(Xg, Lq (g) E'g) induced by the metrics h^'-^, 
J^Ec^ gTXa in (|TT9|l . 

Let Pj^(xo,a;o) be the smooth kernel of P^'-^ with respect to dvxaixQ). Then 

(6.3) Pi;^{xo,x'o) = h\4)Pp'''^{xo,4). 

Let V^*^ be the Hermitian holomorphic connection on {Eg, h^^) with curvature R^'-' . 
Then 

(6.4) = + d\og(h'^), = + 29(9 log /i. 
Thus from ()6.4j) . 

(6.5) P^«(^°,^) = 2P^«(^, ^) = P^«(t^?,t^j;) + Axa logh. 

By fl5.18|) . ()6.3|) and ()6.5|) . Theorem 10. Ill is a direct consequence of [TTl Theorem 1.3] 
(or Theorem OISl with G = { 1 } ) for P^^ {xq,Xo). □ 
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